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The analysis of growth by means of specific aggregative models has 
helped to characterize the processes of development in several ways. 
For instance, it has shown the conditions under which a developed economy 
may secure a rate of growth consistent with continuous full employment. 
For less developed economies, it has specified the alternative growth-
paths that are feasible under varying conditions of the pattern of in­
vestment, the flexibility in resource structure and also the shape of 
the production function. The planning-models, as used in different 
countries like India and the Netherlands, have sought to generalize the 
growth-models in two important respects, e.g. by introducing inter-
sectoral parameters and constraints and also the optimizing considera­
tions involved in the operational decision-making of a policy-maker. 
This aspect of policy, to which the recent growth-models are increas­
ingly addressed, necessitates a critical examination of the models in 
so far as their rigid aspects are concerned. With reference to the 
standard Harrod-Domar type of models, it is not difficult to identify 
the rigid aspects which tend to limit their application to either very 
short-run situations or wholly aggregative framework which neglect inter-
sectoral interdependence. An attempt is made here to specify the fol­
lowing four types of rigidity in the conventional growth models, e.g. 
(i) absence of trends other than of the purely exponential type for 
income, consumption and investment, 
(ii) neglect of the interrelationship between the aggregative Harrod-
Domar type model and the intersectoral model of the input-output 
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type, 
(ill) under-emphasis on the change in composition of output measured 
broadly, e.g. by the ratio of investment goods to consumption 
goods, which characterizes the process of development of a less 
developed economy, 
(iv) and insufficient analysis of the stochastic aspects relating to 
the instrumental parameters of a growth model, which are most 
important from the point of view of application of the model. 
After examining these limitations in the context of the recent growth 
models developed by Harrod (1956), Dcmar (1946), Haavelmo (1954) and 
others, we suggest some methods of generalization at a theoretical level. 
To see the implications of our suggestions, we have considered the 
planning-model of the Mahalanobis-type (1955) that has been designed in 
the context of the Indian economy. Apart from these calculations, we 
have specified a generalized model of the flexible type, which combines 
the basic features of the aggregative Harrod-Domar model and the dis-
aggregative input-output model. 
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REVIEW OF CURRENT GROWTH MODELS 
From an analytic viewpoint, the current mathematical models of 
economic growth can be divided into two groups, e.g. aggregative and 
disaggregative. The aggregative models are generally based on the assump­
tion of a single sector, whereas the disaggregative models seek to 
specify the relative rates of growth of several interdependent sectors 
of an economy. An intermediate case between these two polar types of 
growth models is provided by an intersectoral model, where the different 
sectors are completely independent or substantially so. For instance, 
when the coefficient matrix of an open Leontief model is of a block-
diagonal form, we have a system in which the blocks of sectors are 
relatively independent of one another. As a quasi-disaggregative model, 
one may also mention the case when the input-output coefficient matrix 
is triangular or very nearly so and hence there is only unilateral de­
pendence between sectors one another. These latter cases can be treated 
under the general disaggregative approach. 
Aggregative Models 
Growth models of the aggregative type, with which we would be con­
cerned later on, may be further subdivided into two types, e.g. Harrod-
Domar type and Haavelmo-type. Apart from their general similarity, there 
are two most important differences, e.g. the latter has explicitly re­
ferred to more general production functions and also to the stochastic 
schemes to which the parameters of a growth model may be subject. The 
Harrod-Domar model may be regarded, in many ways, a straight extension 
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of the Keynesian approach insofar as the assumption of saving invest­
ment equilibrium and hence the multiplier accelerator mechanism are 
concerned. This model, although basically intended to explain growth 
processes of a mature developed economy, has some important features re­
lating to the development of an underdeveloped economy, e.g. its emphasis 
on the capacity-creating and output-creating effects of investment as 
the main instrument of growth, its stress on the feasibility of invest­
ment in terms of saving as a precondition of relative price stability 
and also its emphasis on reinvestment and a deliberate (planned) policy 
of public investment as a balancing factor to private investment. 
The structure of the Harrod-Domar model can be specified in terms 
of difference or differential equations, involving single or multiple 
lags, either with or without some specific shape of the autonomous 
investment. For theoretical convenience, it is simpler to specify the 
differential equations system as follows. In Domar's notation (19^6), 
we may write, 
The solution of this system (2.1) specifies the full capacity rates of 
growth of total income (Y), total investment (i) and total consumption 
(C) as follows 
•vr = I <r (supply side) 
(2.1) 
It = Ir * X (demand side) dt dt a 
P = Y and It = 4r (equilibrium) 
oo dt dt 
(2.2) Y = Y e 
o 
a<f t 
;I = Ie a<rt ,  c = C,e a<rt 
o 
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where subscript zero denotes initial values such that the income identity 
Yq = I + Cq is fulfilled. So long as the marginal propensity to save 
(a) and the potential social average net productivity of investment (°" ) 
are constants, the equilibrium rates of growth of consumption, invest­
ment and income differ only by a scale factor. The model (2.l) has three 
other interesting features. The ratio ( cr ) which refers to increases 
in potential capacity out of new investment is subject to an upper limit 
(s), given by the productive capacity of new investment projects. Hence 
the difference between cT and s is due either to a misdirection of in­
vestment or by the lack of balance between the propensity to save (a) on 
the one hand and the growth of labor and technological progress on the 
other. Even if cr = s, actual investment (i) may grow at a rate (r), 
different from the equilibrium rate (acr), so that a proportion (0 <_ 9 < l) 
of increased capacity is utilized. The proportional growth rates of in­
come, investment and consumption would be given, in equilibrium, in this 
case, by (ati~9) except for the scale factor. The ratios of income to 
productive capacity (y/p) and income to capital stock (y/k) would tend, 
as Domar has shown, to the upper asymptotes 0 = r/os = r/acr and r/a 
respectively, as t ->oO . The third characteristic of (2.1) refers to 
cases of instability in the model, when its supply equation is interpreted 
as a behavior relation of private entrepreneurs, with a corresponding 
scheme of adjustment to changes in demand. Harrod (1956) has emphasized 
that a divergence of the actual growth rate (G) from the warranted (G^) 
or the natural growth (G^ ) rate, may lead to a cumulative process, up­
wards or downwards, with varying degrees of instability. We would not 
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be concerned with the analysis of cyclical phenomena, although it is 
worth mentioning the point, which Schumpeter (1934) has emphasized so 
elegantly, that cyclical phenomena are essentially and possibly in­
separably interrelated with the phenomena of long run growth in a private 
enterprise economy. 
The dynamic growth models developed by Haavelmo ( 195'+ ) are more 
general in the sense that they incorporate changes in production function, 
their parameters being partly technological and partly institutional, 
changes in accumulation function showing the rate of growth of capital 
and technology and a law of population growth which is endogenous to the 
system. There is neither any specific equilibrium assumption about sav­
ing or investment, nor any relation in the form of income identity as 
in a Keynesian model. In his notation, the generalized logistic model 
of Haavelmo (1954) may be written as, 
where the first equation specifies a logistic type growth equation for 
population (N). except for its dependence on the time trend of total 
output (x), which is related to the capital stock (K) and population. 
For an economy with no capital accumulation, the third equation of the 
system (2.3) can be omitted and the second could be written as a linear 
function of population alone, 
(2.3) X = a^  N + &2 K (P > 0) 
K = ^ X + ^ N + ^ K  
(2.4) X = a N + b 
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in which case the stationary solutions would "be given by 
g t) . v P b 
For the general system (2.3) with capital accumulation, as Haavelmo has 
noted, there exists no non-trivial stationary solution. Depending on 
the condition that the roots of the characteristic equation of the system 
are real and economically meaningful, there exists, however, what Haavelmo 
has called a "quasi-equilibrium solution" such that the output-labor 
(x/N) and capital-labor (K/N) ratios remain constant over time, although 
each of the variables X, N and K develop exponentially. Indirectly this 
implies a hypothesis about the long-run constancy of the capital-output 
ratio. 
The second important contribution of Haavelmo is to emphasize that 
dynamic economic models, as an approximate specification of economic 
reality, must incorporate, through the notion of stochastic processes, 
the sequence of random elements which are often called 'shocks' to the 
system. There are different ways to introduce random elements to an 
otherwise deterministic model. One of the simplest ways, suggested by 
Haavelmo, is to consider random shocks that are additive to the 'exact' 
part of the solution. Consider a single equation (2.6), which may also 
be written 
(2.6) y(t) = aQ + a y (t - l) 
in corresponding matrix difference equation form, where we add on the 
right hand side a random shock variable u(t) occurring at t. The solu­
0 
tion of (2.6) would then involve stochastic shifts given by (2.7), 
m T-l 
(2.7) y(T) = A a + B + Z a u(T - S) 
8=1 
a 
where y(o) = A + B and B = ^  _ (a ^  l) 
If the shock variable u(t) can be assumed to be stochastically independent 
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with zero mean and constant finite variance 6 , independent of t, then 
the deviation of the exact part of the solution (2.7) from the actual 
value of y(T) would be given by 
(2.8) Var y(T) = 1 " % (a £ l) 
1 - a 
It is easy to note that if a ) 1, the variance of y(T) would tend to cC 
as t -> (P and if a 1, the variance would reach a limiting value 
2 2 ( C /(l - a ) ). Assuming a discrete Poisson probability distribution 
for shocks with probability X/n (where a fixed unit of time is divided 
into n equal intervals and X is a constant), Haavelmo has further shown 
-2 
that if (T is the constant variance of a shock when it occurs and the 
shocks are independent, then the asymptotic variance of the sum of all 
shocks during the year t to t + 1 tends to the limiting form (Xcr^ ) as 
n —y oO . 
Disaggregative Models 
The disaggregative models may also be subdivided into two broad and 
related types, e.g, the theoretical models based on open or closed 
dynamic input-output approach and the operational planning models based 
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on specific policy formulations relating to economic growth. Apart from 
Leontief's (1953) basic contribution, two other models are worth mention­
ing in the first category, e.g. general equilibrium model of von Neumann 
(1945-46) and the model of multi-sectoral growth of Johansen (i960). In 
the second category, we may mention the planning modi3Is applied in India 
by Mahalanobis (1955) and in the Netherlands by the Central Planning 
Bureau (1956). 
In Leontief's notation (1953), the open-dynamic balance equation 
for a sector i is given by (2.9), where b^  are the structural stock 




9) xi- % "uV % buA + ïi k=l k=l 
(i> k = 1, 2, ...., m) 
Given the assumptions of the Leontief model (2.9), two features are 
specially important from the standpoint of an intersectoral growth model, 
e.g. the relation between sectoral rates of growth and the irreversibility 
of the capital coefficients. Consider the particular solution of the 
system (2.9), which would specify the time rate of growth for each sector, 
m t X 
(2.10) X.(t) = I eke J (i = 1, ...., m) 
j=l 3 " 
where are m roots of the characteristic equation of the system. Dis­
regarding complex roots that generate periodic fluctuations only, one 
can see that if all the m roots are negative, the particular solution 
for each sector would shrink to zero. This will not happen if at least 
one of the m roots is positive. Denote the largest positive root of the 
10 
system "by "X which would eventually be dominant for a large t. In 
this case, as Leontief has shown, the outputs of any two sectors would 
be proportional and in the long run, the relative rate of growth of all 




n) rW = ^  ^ \ (1=1, 
=i = 
In other words, the long run rate of growth and the equilibrium propor­
tions between the sectoral outputs depend only on the structural proper­
ties of the system without any knowledge about the initial conditions. 
The rigid acceleration coefficients b^  in (2.9) neglect, however, 
the irreversibilities of the process of capital accumulation, due to 
the fact that certain capital stocks are irreducible in nature. This 
would mean that in the rising phase (X^  > 0), the capital coefficient 
b^  would be valid for any sector k according to (2.9), but in the falling 
phase (X^  0), it would not be valid and should be equated to zero, if 
it is assumed that the stock of fixed capital (S^ ) entering in the 
definition of b^  is irreducible. Since economic growth involves rising 
output sequence for some sectors and falling sequence for others, a 
general system represented by (2.9) would undergo a switch over from 
one phase to another, depending on the number of irreversible capital 
stocks. In general, with m irreversible stocks, the total number of 
all possible phases or regimes is 2™. For a partially planned economy, 
this has an important implication regarding the range of alternative 
growth-paths, within which an optimal solution may be sought for. 
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The general equilibrium model of von Neumann is more general than 
the Leontief approach, especially in relation to substitution and chang­
ing input-output ratios. The former model, however, defines equilibrium 
in a particular way, as a steady state in which all process intensities 
remain in the same proportion and a common scale factor a applies to 
all. In this aspect, it leads to a result very similar to (2.11) before. 
The von Neumann model, however, does not allow for any final demand or 
any fixed factors, not produced within the system. Also in case of 
irreversible capital stocks, it does not specify the conditions under 
which the path of output configuration may switch from one phase to 
another. It is not also operational due to the very rigid assumptions 
made about the scale factor a, the optimizing behavior of a continuous 
nature and a well-behaved competitive system. 
The multi-sector model of Johansen is more practical in outlook. 
In place of capital coefficients of the dynamic Leontief model, it 
postulates a production function relating to autonomous inputs, e.g. 
capital stock (K^ ) and labor (N^ ) in a familiar Cobb-Douglas form, 
whereas for the intermediate inputs, it defines input-output coefficients 
in the Leontief way. Finally, by defining profit for each sector ( ) 
and imposing the maximization condition, the model obtains the familiar 
relation that the price of a factor equals the value of marginal product. 
In a simplified version and using his notation, the Johansen model can 
be written as (2.12) below, 
12 
*1 9i V 
%i %i * 
= °ïj 
(2.12) (i = 1, ..., m) 
*1 ?! %1 = *1 
Pi ?i *1 = %i %i 
By assuming the following four variables as exogenous, e.g. total in­
vestment, growth in population, growth in productivity and shifts in 
demand functions, the model seeks to explain the pattern of outpub, in­
vestment and employment in each sector and also the changes in relative 
prices or terms of trade between sectors. Denoting the vector of 
endogenous variables by ^  and that of exogenous variables by ^ , the 
complete linearized model, generalized from (2.12) by introducing im­
ports, exports, depreciation and factor prices, etc., may be written in 
matrix equation as, 
(2.13) B^  = with the solution ^  = B"*" L 
if the coefficient matrix B is non-singular, the endogenous variables 
could always be expressed in terms of exogenous variables and for that 
matter, (2.13) could be interpreted as a policy model involving target 
variables and instrument variables. 
From the viewpoint of actual economic policy, the planning models 
applied in the Netherlands and India have adopted a disaggregative 
approach that is somewhat different from the conventional input-output 
analysis. The long-term growth model outlined by the Netherlands Central 
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Planning Bureau (1956) in the memorandum on "An exploration of economic 
potentialities of the Netherlands 1950-1970," seeks to specify the optimal 
among the alternative growth paths> feasible under the condition of mov­
ing equilibrium of demand and supply for each of the three variables, 
e.g. labor, capital and imports. In this method, the parameters and 
coefficients used in the macro-model are tested for internal consistency 
and sectoral bottlenecks by means of detailed input-output accounting. 
In case of disagreement, the boundary conditions and the feasible values 
of the coefficients of the macro-model are suitably revised. The Indian 
planning model designed by Mahalanobis (1955) is based on a planning 
horizon of about fifteen years or more, although for each five year 
period, the marginal output-investment coefficients are recalculated 
from detailed input-output tables. 
The Dutch long-term model, hereafter abbreviated as N-model, con­
tains 17 equations, 15 endogenous variables, 4 instruments and 3 targets. 
The four instruments are the saving-income ratio, the rate of emigration, 
the rate of change of relative export prices and the rate of import 
substitution. Maximization of per capita real income in the final year 
(i.e. 1970) is a flexible target, the two other fixed targets being the 
level of unemployment and the amount of capital export. Assuming a 
closed economy and the balance of only two factors, e.g. capital (K) 





= ky demand for capital 
K 
a = yP demand for labor (a = y = 1 
for t = o) 
= oy supply of capital 
(2.1^ ) 
it t 
supply of labor a e 
k%_y^  y = oy balance condition (capital) 
e 71 * balance condition (labor) 
In consequence of the complementarity hypothesis, the N-model tacitly 
assumes that the proportional growth of income (y/y) will be adapted one 
way or another to any given level of the saving coefficient (a) by means 
of monetary measures or other instrument variables that are not in­
corporated in the system. 
With different factor-endowment and resource structure, the 
Mahalanobis planning model, hereafter abbreviated as M-model, specifies 
equilibrium development in terms of capital alone by emphasizing vertical 
balance more than the horizontal one, to use the concepts of Lange (1959)• 
Assuming the total allocable investment (l^ ) to be exogenous, the M-
model solves the problem of optimal allocation of investment in two 
stages, e.g. in the first stage, on the basis of two completely integrated 
sectors producing investment goods (subscript i) and consumption goods 
(subscript c), the optimal proportion of allocation to the investment 
goods sector (X^ ) is specified by the condition of maximization of 
national income within a specified planning horizon. In the second 
15 
stage, the allocation of investment between the subsectors of the con­
sumption goods sector is decided by the condition that given targets of 
employment and national income are attained. In the notation used by 
Mahalanobis (1955) and Haldane (1955), the two-sector M-model may be 
specified as, 
Tt = t^-1 + Xi Pi Xt-1 
(2.15)  ^ + \ = 1) 
+ It 
The final income (Y^ ) equation can be written as, 
0.16) rt = V i0 [(1 + \ - :} 
The optimal solution for can be obtained from (2.16) as, 
(2.17) t = 2(pJ - pg)(l + ^  z + ^  z2 + .... + ....) 
where z = 2(^  - 9^ ) X JPc . 
With an estimate of the parameters ^  = 0.1 and 3^  = 0.3, the M-model 
specified the optimal value = 0.33 within a 15-year planning horizon. 
Rigid Aspects of the Models 
Except the approach by Haavelmo, the growth models presented before 
have one important limitation, e.g. absence of any stationary solution 
even for a large t. In the Harrod-Dcmar type model (2.2), the increasing 
exponential solution for income suggests that either income is undefined 
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for a large t (Y^ —Voo as t cO ) or that model (2.2) does not hold in 
the long run. In the latter case, a certain type of flexibility in the 
coefficients a or <f must have to be postulated, if a successive approx­
imation to a long-run model is intended by short period specifications 
of the models like (2.2); the same statement holds for the models given 
in equations (2.9), (2.l4) and (2.l6) respectively. For the dynamic 
Leontief model (2.9), that is disaggregated into m sectors, this leads 
to the most unrealistic solution that output for each sector increases 
indefinitely with time, although final demand for each sector remains 
constant. Regarding this feature of the dynamic Leontief model, Allen 
(1957) has noted that the model is not directly applicable to the real 
world and a non-linear and non-symmetrical accelerator needs to be 
introduced. Wurtele (1959) has recently shown that even if the Leontief 
dynamic model is interpreted in terms of backward difference equations, 
it would show asymptotic stability with a constant vector of final 
demands, only if the time required for the adjustment of the stock of 
capital goods to the rate of output for each sector is uniformly greater 
than a theoretically determined minimum period. The system would not 
have stability properties otherwise. 
The implication of this rigid aspect for the N-model is that the 
last two equations of (2.14) for equilibrium income cannot be simul­
taneously fulfilled, if a, \ , k and x are treated as constant parameters. 
The N-model considered a variable saving-income ratio (o^ ) in order to 
maintain equilibrium in growth as follows, 
(2.18) at = kX~- exp (  ^t^ ) 
17 
But since the saving ratio has a narrower range of variation within zero 
and unity, a more flexible way would be to solve for a variable elasticity 
(p,) of labor demand as, 
(2.19) Pt = ( \,- l)n Vlogg ^ t ^ 
—> xk/a by L1 Hospital theorem if tC~>1. 
An appropriate combination of the instruments 0^  and p. may be chosen, 
if feasible, in order to maximize overall income over the given planning 
horizon. 
A second rigid aspect of the Harrod-Domar model (2.2) is that the 
proportional rates of growth of income, investment and consumption differ 
only by a scale factor, determined by initial conditions. The output-
mix measured by the ratio of investment to consumption remains constant 
for all values of t, even if the variables Eire rising exponentially over 
time. This stability of the proportion between the components of a 
growth model, also called 'stability in the sense of Harrod' by Jorgenson 
(i960), has two important consequences, e.g. either the model is in­
applicable to the process of industrialization of a less developed 
economy that is attended with changes in output-mix or the model has to 
allow a flexible variation of the coefficients cc or cT > so that the 
stability in output-mix is asymptotic. In the second case, we are led 
to investigate conditions under which sector growth rates would be non-
proportional. In the first case, however, there is a need to incorporate 
structural change in the sense of, e.g. a succession of stages of 
18 
development. Conceptually, however, such structural changes involving 
a shift of sectoral interdependence in the overall economy, would impart 
an important degree of flexibility to the conventional models, e.g. it 
may be possible to visualize, as Tintner (l$6la) has shown, that as soon 
as the vector representing structural change (or stage of development) 
tends to exceed a critical frontier, the whole set of parameters like 
the capital coefficient, etc., change from one regime to another. It 
is very difficult, however, to develop a satisfactory quantitative treat­
ment for such discrete switchover, although some attempts have been made 
by Hoffmann (195&) and others to specify what has been called 'the speed 
of industrialization'. Sane of the approximate measures of this type 
are broadly identified with the change in levels of capital accumula­
tion by Rostow (1956), the ratio of net outputs of sectors producing con­
sumer goods and capital goods by Hoffmann, the average degree of sectoral 
interdependence by Chenery (1959) and the shift in the parameters of 
sectoral production functions by Mahalanobis (1955), Lange (1959) and 
others. 
This leads us to the third aspect of the usual Harrod-Dcmar model 
which has not sufficiently been disaggregated sector-wise. From this 
viewpoint, the M-model may claim to be more operational in outlook, al­
though its basic premises are derived from the Harrod-Domar model. 
There is a need, however, to extend the M-model into the framework of 
an input-output scheme. Lange (i960) has shown by adding an investment 
allocation matrix and Morishima (1956) by considering sectoral adjust­
ment equations, that certain simple relations of equivalence exist 
19 
between an aggregative Harrod-Domar model and a disaggregative input-
output model. There is a need for investigation into these equivalence 
relations, so that its operational use can be made in generalizing the 
M-model and others for policy purposes. 
From the viewpoint of stochastic theory, an important suggestion 
made by Haavelmo is to consider the observed coefficients of a growth 
model as the expected values of some corresponding random parameters. 
This suggestion, which has not been worked out so far in the context of 
usual growth models, would have an important implication for the planning 
models like the M-model, provided the probability density functions for 
the random parameters could be specified. For instance, a policy maker, 
in deciding the optimal sectoral allocation of investible resources, may 
consider simultaneously the maximization of national income and the 
minimization of the variance of the rate of growth. At a theoretical 
level, a more general extension of this idea is to consider the coef­
ficients of a growth model to be subject to a transition-probability 
scheme in the sense of absorbing Markov chains. Empirical identifica­
tion of this approach raises considerable difficulties, insofar as 
economic data are concerned, although in a one or two sector model, 
the idea can be applied without much difficulty. 
20 
GENERALIZATION OF GROWTH MODELS 
The growth model of the Harrod-Domar type has been extended in 
recent times in several new directions. While constructing a mathe­
matical model of Schumpeter's theory of growth and cycle, Goodwin (1955) 
introduced three important nonlinearities in the usual growth model, 
e.g. a flexible and possibly nonsymmetrical accelerator, innovational 
demand for capital discretely variable over time and an irreversible 
saving function that differentiates short run from the long run propen­
sity to save. By introducing homogenous production functions with 
variable factor proportions and possibly constant returns to scale, 
Solow (1956) has shown that the economic system described by the Harrod-
Domar type equations and an exogenous growth of population can adjust to 
any given rate of growth of labor force and eventually approach a steady 
proportional expansion. By introducing an asset preference function, 
Eisner (1953) has pointed out that the usual saving function of the 
Harrod-Domar model could be extended to include the so-called Pigou-
effect and also the wage price mechanism. 
Problem of Trend 
Little thought has been given so far to the aspect of generalizing 
the exponential trend underlying the Harrod-Domar model. In his gen­
eralization of the Harrod model, Hicks (1950) gets a trend in a trivial 
sense, by incorporating an exponential autonomous investment, but this 
trend is unrelated to any endogenous variable of the system or indeed 
21 
to anything except the necessity to get a trend. In a different frame­
work, Tinbergen (1959) introduced an exponential trend factor in a Cobb-
Douglas type production function, in a model consisting of demand and 
supply equations for labor and capital, an exogenous growth of population 
and a production function. He ended up with a growth curve of capital 
accumulation which is more complex than the exponential law and he showed 
that in some instances, it may lead to the Gampertz curve. Haavelmo 
(1954) has consistently emphasized on the necessity for obtaining a trend 
having an asymptotic stability; hence he has been compelled to search 
for a 'quasi-equilibrium' solution, when his generalized model given in 
(2.3) did not specify any nontrivial stationary solution. The approach 
by Tinbergen and Haavelmo, although ingenious in their attempts, had one 
limitation, e.g. their neglect of intersectoral relations and under 
emphasis on the nonlinear investment demand function. Tintner (1961b) 
has recently shown the type of homogenous production functions required 
for generating a logistic-type solution for total output and total capi­
tal stock. He has not considered either its intersectoral generalization 
or its relation with the multiplier-accelerator mechanism analyzed in 
current models. 
As a trend, a logistic equation has a number of advantages over an 
explosive exponential curve. The two disadvantages of such a trend are 
the statistical difficulty of fitting and a fixed upper asymptote. Since 
our main interest is in the theoretical generalization of the Harrod-
Domar type growth models, we would not be much concerned with statistical 
fitting, although it is worth mentioning that certain operational methods 
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have been developed recently by Tintner (1957), Hartley (1948), Stevens 
(l95l) and others. The second rigid aspect of a strict logistic solution 
can be partially obviated by making the upper asymptote a discrete func­
tion of time, or a function of other exogenous and stochastic variables. 
As a matter of fact, this sort of generalization is implicit in 
Haavelmo1 s mixed logistic model. There may be mentioned several reasons 
why a logistic type trend may be preferable to the simple exponential. 
First of all, growth of population, which is an important factor behind 
consumption demand, has been found to follow a semilogistic curve in 
several demographic investigations in different countries. The character­
istics of this type of demographic transition may be an important basic 
tendency, why the solutions of growth models must incorporate a logistic 
transient path. Secondly, as Tinbergen (l95l) has mentioned, the 
phenomenon of technical development can be better described by a logistic 
trend line and if the upper asymptote is allowed a discrete shift over 
time, this sort of trend may equally apply to the development of certain 
new products and new technical innovations over the period, defined, for 
example, by a Kondratieff cycle. Kuznets (1930) found, for example, that 
a large number of individual production and price series could be fitted 
into a primary trend given by a logistic or Gampertz equation. Thirdly, 
it is well known that an exponential curve can be considered a good 
approximation of the first stage of the logistic curve. In case of ex­
ponential trend, a simple logarithmic transformation of the observations 
makes the proportional rate of growth constant, but the latter is a 
variable in a logistic curve, because the parameters enter here in a 
nonlinear fashion. The economic interpretation may be that in case of 
essentially nonlinear trends as in the logistic, the trend and cycle 
elements are not easily separable, since the decomposition theorem for 
a stationary time-series is not applicable. This is theoretically very 
similar to the ideas of Schumpeter on cyclical growth, we have already 
referred to. Lastly, the existence of the inflexion-point in a logistic 
curve serves to specify the phases of economic growth more appropriately; 
in the initial phase, the annual growth rate is very low, then in the 
second phase it is much faster like the self-sustained stage until the 
inflexion point, after which it tends to fall. However, it is important 
to stress here that we conceive a mixed-logistic trend, because the 
parameters defined by the two asymptotes may be a discrete function of 
time. Likewise, the output curve for some sectors may follow a logistic 
time-path, while others may follow an exponential and if the latter 
sectors are dominant, the aggregate output would reveal an exponential 
trend because of the faster rate of convergence of the latter. 
There are certain simple ways of introducing logistic type simula­
tion in the Harrod-Donar model. One is to assume that the parameters 
(e.g. capital coefficient) of the model are not fixed but follow a 
logistic type pattern, reaching an asymptotic stability in the long run. 
For a developing underdeveloped economy, this may have some empirical 
relevance, because in the initial period the marginal output-capital 
ratio may be very low due to lack of skills and external economies. As 
the development process continues, the productivity of capital would 
rise faster until it approximates a level of stationarity as observed 
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in the so-called long-run constancy of capital-output ratio in the mature 
economies. To consider this case, we write the final income (Y) equation 
of the Harrod-Domar model as, 
(3.1) Y (t) = H = u (t) Y (t) 
where u (t) is given by, 
(5.2) u (t) = m/(l + be a^ ) where a 0, 0 <(, m <f 1. 
Applying the transformation Z (t) = log^  Y (t), we get the final solution 
(;.)) 2 (t) = m t + i loge (1 + be~at) 
V/hen (be a*) is less than unity, the solution could be expanded and the 
asymptotic value of the income solution, denoted as Y (A), would be 
given by 
(3.4) Y (A) = Y (O) exp (mt). 
This exponential solution lias no equilibrium for a large value of t, 
although it has a quasi-equilibrium character in the sense of Haavelmo. 
The proportional growth of income (Y (t)/Y (t) ) converges to the upper 
asymptote in the long run. An idea of the time path of growth of Y (t) 
can be obtained by postulating that time period t takes only discrete 
values. 
The discrete variation of the parameter u (t) may be due to changes 
in capital accumulation itself. For instance, in the Harrod-Domar model, 
let us define (3 = Q<f as the effective (or realized) output-investment 
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ratio in the marginal sense, such that it shows diminishing returns with 
an increase in capital stock (K). The reformulated model can be written 
as, 
= a p = - pg K) 
(3.5) 
 ^= K = l(t) = v^ Y-VgK. (p2^ 0).(vg>0) 
where a is the saving ratio, 9 = - P2 K and v^ , v^  are constant 
coefficients. In the initial stage of development, fL and v^  may be 
infinitesimally small, and the proportional growth rate of income (Y) 
and investment may be constant, along an increasing exponential curve. 
With increasing capital accumulation, however, two different types of 
restraint may come into play, e.g. the effect of diminishing returns 
(gg ^  O) and the depressive effect of capital stock on further invest­
ment (vg^ O). It is easy to find from (3.5) the equilibrium levels of 
income (Y) and capital stock (K) as, 
v? P, 
(3.6) Y = -^ = and K = p /p„ 
V1 P2 x 
The general solution of (3*5) is very difficult to derive explicitly, 
because the parameters enter in a complicated nonlinear fashion. It 
is not difficult, however, to show that the solution of the simultaneous 
system has an asymptotic stability. Consider displacements £ and 
given by Y = Y + ^  and K = K such that £ and^  are so small that 
their squares and cross-products can be neglected. We then derive from 
(3.5) the following system, 
where n = gg Y 
(3-7) 
3F2" " v2^ ) 
The solution of this system of linearized differential equations can "be 
written as, 
where the coefficients A^  and IL are determined by the initial conditions 
of the system and m^ , m^  are the roots of the quadratic equation (3•9) 
derived from (3-7); 
Since (v^  u) 0, it follows from (3.9) that when Vg > 4 (3^ , the roots 
of the equation are real and negative. Hence any small displacement 
from the equilibrium shrinks away exponentially without oscillations 
and the transient state is stable. Otherwise there exists the possibil­
ity of sinusoidal fluctuations associated with complex roots. 
A more important question is to ask under what type of consumption 
and investment demand functions would the transient (particular) solu­
tion of the Harrod-Domar model show a logistic time-path. We may con­
sider three versions of the mixed-logistic model 
(a) one sector model showing the conditions when the transient 
(3.8) 
(3.9) m + Vg m + v^  u = 0 
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income solution of a growth model would be logistic, 
(b) a multi-sector model showing how the mixed logistic growth 
solution depends on the intersectoral relations and behavior 
parameters, 
(c) a structural-model showing the conditions when a ratio measur­
ing the 'structure' of an economy would itself be logistic. 
Let us consider a simple system ($.10), where the saving function is 
S(t) and the ex-ante investment function l(t) is either exogenous or 
nonlinear. 
£ Y(t) = I(t) - S(t) S > 0 
(5.10) 
= a + b Y(t) a >0, b > 0 
Y(t 
Denoting exogenous investment l(t) = X Y(t), the final income solution 
of the model can be written as, 
(3.11) = b~^  " a) 
Evidently, the solution is strict logistic, if X is a constant inde­
pendent of t. It is interesting to note that the reciprocal of S , which 
specifies the speed of adjustment of total output per unit of excess 
effective demand, does not affect the upper asymptote of the income 
solution. Provided \ is allowed to vary discretely over time, this 
model may be easily applied to specify the shifting equilibrium repre­
sented by the upper asymptote of the income-curve. For instance, rough 
estimates of a and b over US data (1930-55) are O.76 and 10 ^  (356) 
and total gross investment including government expenditure may be taken 
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roughly at $2 per cent. If the upper limit of \ is roughly taken to he 
0.4-0, then the asymptotic value of Y would tend to be $450 in constant 
dollars (billions), except for the autonomous components of consumption 
demand not given in the model. If, however, we introduce a variation in 
X by redefining the intended investment demand function as, 
(3.12) I(t) = IQ + f(Y) 
where IQ = autonomous investment the induced demand function f(Y) may 
have several boundary conditions and kinks, partly due to expectations 
and partly due to the lags in production-adjustment, e.g. 
f(Y) = 0 for Y(t) = 0 
(3.13) f(Y) = < 0 for Y(t) < Yx(t) 
f(Y) = P2 > 0 for Y(t) > Y2(t) 
The particular solution of the system specifying the logistic time-path 
would remain unchanged since f(Y) = 0 when Y(t) = 0, but otherwise, the 
solution in the phase-plane would show that the logistic trend would be 
intermixed with self-excited oscillations within the two kinked breaks 
of the induced investment function. Two immediate extensions of this 
model are apparent. One is to define l(t) and S(t) as a nonlinear 
function of both income (Y) and capital stock (K), such that the 
equilibrium solutions given by ($.11) through (3.13) are tenable only 
up to a given value of K. But when the level of capital accumulation 
(K) crosses certain critical values, the transient behavior of Y changes. 
The second line of extension is to generalize the boundary conditions 
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(3.13) in order to incorporate multiple lags, etc., resulting in mixed 
difference-differential equation systems. 
The type of model given in (3*10) has one basic limitation that is 
common to the Harrod-Domar model, e.g. absence of the labor input (L) 
in explicit form. We consider, therefore, a more generalized version 
given by (3.14), using the notation given in (3.10). 
S(t) = a Y(t) = I(t) 
(3.14) I(t) = K(t) = ^  
Y(t) = A(t) Ktt(t) LP(t) 
where L(t) = total working population, A(t) = innovation factor and a, 
(3 are the coefficients of the familiar Cobb-Douglas production function. 
This model has a linear and proportional saving function as in the con­
ventional Harrod-Domar model, but a nonlinear production function. 
Assuming L(t) and A(t) are exogenous to the model, we solve for the 
capital stock (K) given by, 
(3.15) K(t) = a A(t) Ktt(t) LP(t) 
We assume now that the time-functions A(t) and L(t) can be approximated 
by an exponential curve L(t) = Lq e"^  and A(t) = A^  e^  so that the equa­
tion (3.15) takes on a form known as Bernoullian differential equation, 
where the solution is given by, 
f , <, a(l-a)ALj f 
(3.16) K(t) = np +°e° [l + exp (npt + gt) 
 ^ÏI5 
where Kq is the value of K(t) at t = 0. Denoting 9 = (n£ + g), 
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(l-a) a^-L-uv a q  JJ 
C = K and D = we may write the rate of growth of 
o o  o n p + g  J  °  
capital stock as, 
(3.17) 
 ^° 1 • (D - C ) e'61 
O 0 
K(t) 9/(1 - cc) 
s p(t) (=0 > Co> 
It is remarkable that (3.17) gives a logistic trend with an upper 
asymptote 9/(1 - a), although an exponential time-path is presumed for 
A(t) and L(t) and full employment of both capital and labor are assumed 
as a condition of moving equilibrium. The growth rates of income (Y) 
and investment (i) are given by 
In the limit when t—the rate of growth of Y(t), K(t) and l(t) 
converges to the upper asymptote 9/(l-a). In the mixed-logistic model, 
the effects of innovation would not be neutral, as is implied by the 
scale factor A(t) here, but it would impart a slow and discrete shift 
to the coefficients of the production function. Consider some special 
cases of the solutions (3.17) and (3.18). Suppose that L(t) follows a 
logistic curve, and the innovation function A(t) follows a mixed logistic 
curve, the former with a fixed upper asymptote m and the latter with a 
slowly shifting upper asymptote h varying over longer periods in the 
Schumpeterian sense. Then it follows that in a given Schumpeterian 
period, when the dynamic propagation of innovation has worked itself 
out, the following conditions hold, 
(3.18) 
Yjrjry = g + Pn + Qp(t) 
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(3» 19) Lim p(t) = 0 and Lira £n + a. p (t)] = 
t — t — > e O  -
In other words, the time-paths of income. capital stock and investment 
converge to respective upper asymptotes in a mixed-logistic curve. These 
asymptotic values would in general change with the innovation parameter 
h. Consider the second case when the coefficient (f3 + a) tends to unity. 
The conditions given in ($.13) reduce to its limiting valuejn + (g/(3^ . 
The incidence of increasing, constant and diminishing returns to scale 
may be shown by transforming the limiting value to X(n + -|) where 
9 = A(l - Cù) and X is = 1. There are three other possible lines of 
extension which may only be mentioned here. One is to replace the first 
equation of the system ($.14) by the nonlinear saving function given in 
(3.10). The solution in this general case would be much more complicated 
than an exponential or logistic trend. A second possibility is to relax 
the assumption of continuous full employment underlying the model, so 
that the deviation of the realized growth rate from the equilibrium rate 
can be estimated. Also L(t) could be made endogenous to the system by 
defining conditions of factor price equilibrium. 
A second question is to consider in the disaggregative framework 
of input-output analysis, what sort of consumption function would gen­
erate a logistic type behavior for the net output vector. Denoting 
consumption, investment and income as C(t), l(t) and Y(t) and assuming 
that investment is proportional to consumption demand, we may define 
the open-dynamic model as, 
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Y.(t) = Z p I (t) = I(t) Z p.. a,,(t) 
Jt u v • u J-*-J J 
(3=20) l(t) = p. C(t) where a_(t) = I^ (t)/l(t) 
C(t) = Cq + a Y(t) - b Y2(t) 
Y. (t) = w.(t) Y(t) 0 < w.(t) < 1 
11 — 1 — 
which postulates that the rate of change of output in the sector 
i (i, j = 1, 2, ..., n) depends on the intersectoral investment (t) 
and its productivity f3.., where the former may be viewed as a proportion 
J-*-
of total investment l(t) for the whole economy. The change in sectoral 
aw^ t) 
weights to national income is indicated by w^ (t). Denoting —^  
2 by m(t) and nbtZ (3 a (t)/w, (t) by 0(t), final reduced form could j ji 1 
be derived from (3.20), such that the particular solution of income is 
given by, 
Yj.(t) = m(t)/(l + Aq e (i = 1, ..., n) 
where Aq is determined by initial conditions. Since 0(t) would in 
general be positive for fixed marginal coefficients (3.., the growth-path 
of the gross output vector with elements Y^ (t) would be logistic. We 
have, however, a nonhomogeneous part (i C Z p.,(t) in case of the 
0 i dé­
générai solution, which would impart a shift to the transient solution. 
Hence the general solution would be mixed-logistic in nature, depending 
on the time pattern of change in the allocation-ratios cr^ (t). This 
model (3.20) offers interesting possibilities of application for the 
planning models of underdeveloped but developing economies, because it 
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growth from one asymptotic level to another. 
The most interesting case of a mixed-logistic trend occurs when we 
consider a type of planned economy assumed in the M-model, where the 
supply of investment goods l(t) and consumption goods C(t) are determined 
by the proportions of total allocable investment to the two sectors 
( X ) producing investment goods and consumption goods and the 
respective output-investment ratios (f3^ , P^ ). In differential equations, 
the M-model can be specified as, 
I(t) = x P1 I(t) + ip(t) 
(3.21) 
C(t) = \c Pc l(t) + C (t) 
where I and C denote either autonomous commnents of investment and 
P P 
consumption or variables not controlled by the policy-maker. As a 
special case, 1^  and may be proportional to l(t), especially when the 
public sector investment is more dominant and active in setting the pace 
of development. Following Hoffmann, we may define the structure of the 
stage of development by the degree of dominance or weight of the in­
vestment goods producing sector in terms of H(t) - l(t)/c(t), which 
indicates broadly how the output-mix changes over time in course of the 
process of industrialization. Considering the particular solution of 
the system (3.21), it is remarkable that the structure-ratio H(t) follows 
a strict logistic time-path, provided the allocation ratios \^ , and 
the output-investment ratios (3,, £3. are treated as constants, as is 
usually assumed in most planning models. The particular equation for 
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H(t) may be written as, 
(5
-
22) sj = \ sc [irir - "(t) 
Suppose, however, that (3^  is not fixed but varies with the level of 
3î 
as before, we have the interesting results 
capital accumulation as (3^  = P? - K(t), then assuming C^ (t) = 0 = I^ (t) 
- X_j. p* K(t) with the solution 
(3.23) _ n , 
K(t) = (2P°/^)/ {l + e ^ ^ 
where Aq is a constant determined by initial conditions. However, if 
it is conceded that the change in structure-ratio would be far slower 
than the change in national income, it is more appropriate to conceive 
the structure-ratio as some average, e.g. h(t) = j" l(t) dt j ^ C(t) dt, 
then the equation (3.22) would be reduced to 0 ° 
(5-21*) M ' #  [ H ( t )  - h ( t ) .  
where a(t) is the ratio of l(t) to capital stock K(t). This sort of 
specification has important implications for a planned economy. First 
of all, it may indicate the close degree of interrelationship between 
the short-term plans and the long-term ones. In the latter, a developing 
economy is conceived to move from one asymptote to another. Given this 
trend, the short-run plans seek to secure balance and adjustment against 
fluctuations in intersectoral demand and supply. This would be then 
very similar to the Oslo model of Frisch (1955), where the planning 
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problem is solved in two steps. First, one chooses by an optimisation 
procedure an asymptotic state or development, which has the property 
that production in all sectors is growing proportionately. Then a 
program is determined for the coming years which is intended to take the 
economy one step toward the chosen asymptotic state. Secondly, the 
allocation ratio X^ (t) for the consumption-goods sector may itself be 
varied at successive short-run plan periods, in accordance with changes 
in population (N) and other tendencies. If (^t) follows a logistic 
— 41 time-path of allocation, then the incremental Hoffmann-ratio H = —— 
would be given by 
(5.25) Ht = A- b e~at - (m - l) where >c(t) = m/(l + b e a^ ) 
Clearly as t ->»o, H^ —^  ^ (l - m) p^ /m p^ j^ since 0 <^ m <f 1. Behind 
the logistic allocation-path for X^ (t) lies of course the fact of 
demographic transition in underdeveloped economies. For instance, 
Ac(t) may be linked to growth of population ïï(t) in such a way that 
Xc(t) = m(N(t)/k) where m is more or less a fixed parameter and Il(t) 
follows a logistic curve with an upper asymptote k given by 
(3-26) N(t) = lt/(l + bx c"ait) ax> 0 
Then at the critical inflexion point of (3.26), X^ (t) = m/2. In the 
limiting state X/t) —^  m as N(t)—yk. But for t <oo , X^ (t) would 
be a fraction of its own upper asymptote (m)„ More generally, of course, 
the variations in Xc(t) could be related to population growth, struc­
tural change and other variables. 
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Intersectoral Framework 
The need, for an intersectoral breakdown of the Harrod-Domar type 
growth models has been felt for two specific purposes, e.g. analysis 
of sectoral stability and investment planning. In respect to the first 
aspect, Morishima (1956) has established an important theorem, by 
assuming that each sector's adjustment over time could be described by 
a Walrasian tâtonnement process of demand and supply. Even when the 
matrix (H) of expenditure coefficients is indecomposable but the demand 
schedules for each sector are perfectly flexible, he has shown that 
output in each sector would grow in balance at the constant overall 
growth rate (R) and the mutual proportions of output would remain 
constant. When the coefficient matrix is decomposable into sub-systems, 
as in a block triangular matrix, the whole economic system starting from 
arbitrary initial conditions may tend to a state of quasi-equilibrium, 
in which there is balanced growth within each sub-system, but not be­
tween the sub-systems. For planning purposes, a more interesting ex­
tension suggested by Lange (i960) is to introduce the investment alloca­
tion matrix I„(t) and relate the intersectoral marginal output-invest­
ment ratios 3,, with the duration-period of capital assets T. .. This 
iJ ij 
clearly showed that there arc two distinct ways of looking at investment 
in the usual Leontief model, cither as a column vector of possible supply 
of net investment goods or as a n«n-sector square matrix of allocation 
coefficients according to sectors of delivery. Lange has shown the 
implications of the latter interpretation, in very restricted situations 
and neglected altogether the possible interrelationships between the 
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two alternative ways. We examine this more closely. 
Consider an open-static balance equation of the Leontief model for 
a given sector. Assuming that the net output of consumer goods (C\) 
produced in sector i is proportional to the gross output of the sector 
(X^ ), the factor of proportionality being a., we can write 
(3.27) (l - a ) X = Z a. . X + I (i, j = 1, n) 
j u 1 
which can be simplified in matrix notation as, 
(5.23) BX=^I 
/\ yx 
where X, I are column vectors of gross output and investment and B is 
a n-rowed square matrix of diagonal elements (l - - a._ ). If we 
assume that there is a fixed acceleration coefficient (h^ ) for each 
sector expressing investment demand as a fixed proportion of the rate 
of change of gross output, e.g. I = h (i = 1, ..., n). Now writing 
the diagonal matrix of elements h^  as h, we get the final dynamic system, 
in matrix symbols, 
(3.29) iNh^B^X (i, j = l, n) 
If the matrix D =(h 1 B) is decomposable in a diagonal form D°, then 
(3.29) can be reduced immediately to the Harrod-Domar type growth equa­
tion, so that for each sector we get exponential growth in constant 
proportions, e.g. 
(3.30) X. = D° X. (i = 1, ..., n) 
where D° is a single diagonal element of matrix D°. Suppose, however, 
that each input coefficient a„ depends on the level of output, e.g. 
a. = a?. - a}. Xthen correspondingly we would have D? = D?° - 0°^  X 
3. J i J J i i i 
that the solution of (3-30) would he strict logistic rather than ex­
ponential. It is remarkable that this transformation imparts stability 
to an otherwise explosive system. 
When the matrix D having elements d^  is indecomposable and the 
elements d.. depend on X. in a nonlinear manner such that we can write ik  ^ j 
(3*29) as a first degree linear approximation for nonlinear systems of 
differential equations 
n 
(3.31) X, = Z d,. :C+0(n) (i=l, 2, n) 
1 k=l 
where 0(n) denotes terms of degrees two and greater in X^ , X^ , ..., X^ , 
then the stability properties of the system can be specified by the 
criterion of Liapounoff (19^ 7) as follows : 
The null solution of the system (3 - 31) will be stable and also 
asymptotically stable, if all the characteristic roots of the matrix D 
of the first linear approximation have negative real parts and unstable 
if at least one of these characteristic roots has a positive real part « 
At this level, of approximation, the theorem of Liapounoff can be cpccia 
ized in terms of the Routh-Hurwitz conditions that are necessary and 
sufficient for all roots of the characteristic polynomial to have nega­
tive real parts. In the general case, however, the extended Leontief 
system (3.29) would not have a stable solution for the gross output 
vector, although it is possible for the ratio of two sectoral outputs 
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to be asymptotically convergent, as mentioned in equation (2.11) before. 
We now make a distinction between supply of net output of investment 
goods in sector i (i^ ) and allocation of investment to the sector i (i^ ). 
In this new notation, we may write the open-static equation ($.27) as, 
(3.32) (1 - a±) X. = Z a_ + I® (i, j = 1, ..., n) 
In terms of the productive capacity created in each sector i by means 
of investment allocation 1^ , we may define for each sector, the pro­
ductivity coefficients <T\ and utilization coefficients 9^ , in the 
notation of Harrod-Domar model given in (2.l), so that we have, 
dX . 
(3-33) X i  = HT = ®i ^i (i = l , n) 
We may now postulate three different sorts of behavior for the allocation 
variable 1^ , that are plausible in a policy model. 
First of all, we assume 1^  has a fixed ratio (a_) with the gross 
output (X_) of sector i, so that by combining equation (3-33)> ve get 
a straight Harrod-Domar type equation for each sector with the solution, 
X%(t) = X^ (0) exp(a^  9^  (T. t) (0 < 9^  < l) 
Introducing equation (3-32), we get finally, 
(3.34) 1! = (1 - ce ) X (0) exp(a 9 CT t) - Z a X (o) exp(a 9 t) 
± ± X 1 1 1  j  1 J  J  J  J  J  
( i ;  J  —  1 ;  . . . ,  n )  
where X_(0) is the initial value of X^  at t = 0 for each i and j. Denot­
ing n-rowed square matrix with diagonal elements (l - (X - a^ ) by 
4o 
(l - A), the diagonal matrix with elements X.(0) by X(0), and the column 
vectors with elements I® and exp(a^  t) respectively by Is and 
e ; we set the final matrix equation, 
IS = (I - A) X(0)^ , 
of which the solution can be written as, 
Ae^  = X™1(0) (I - A)"1 Is = E^ 5 where E = X-1(0) (I - A)"1. 
/ \ Denoting the vector (EI J by F and its element by F^ , we solve for the 
growth rate of each sector i as, 
(5.55) = log^  F^ /t (1 = 1, n) 
This equation has three remarkable features that are absent in either 
the aggregative Harrod-Domar model or the open Leontief model. Since 
Fj, will in general be different for each sector i, the equilibrium growth 
rate of each sector (X^ /X^ ) would be different and nonproportional to 
each other. Secondly, it shows that for a given planning horizon (t), 
the attainment of equilibrium rates of growth for each sector depends 
on the configuration of supply of net output of investment goods. Hence 
it can be used for planning purposes. Also it indicates the set of 
feasible allocation ratios (a^ ) that are required to attain the given 
rates of growth of sectoral gross output. In appropriate cases, the 
optimal set of the feasible allocation ratios may be determined. 
Suppose the allocation variable I^  is decided in relation to total 
gross national product ( x  =  E X . )  such that \ =  I ^ / z  X . ,  then rewriting 
i 1 1 i 1 
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equation (3.33) by summing over all values of i we get, 
(3.36) X = Z X. = X Z 9. (T. X . = X P where p = Z 9. (T . A .. 
i 1 i * 1 1 i 1 1 1 
If X ^  is flexible over time (variable allocation ratio), then p may be 
written as p(t) and the optimal sectoral allocation can be determined 
by the condition of maximum total gross output. In this case, the 
sectoral growth rates are proportional, e.g. 
xi 6i ri 
— = = constant for a fixed t 
i3 «s V'1 
(i, j = 1, 2, ..., n). 
Next consider the third case when 1^  is made up of two components, an 
autonomous part (z^ ) and an induced part (lh), where the latter bears 
a fixed ratio (a_) with the gross output of sector i; like a flexible 
but irreversible accelerator, it may be presumed that tL has several 
kinks, so that for the uhasc U. / m., the nroDortion a. is binding but 
} 1 — v - - 1 ° 
for values of higher than m±, the proportion changes to a^  and so 
on. Further one may utilize the distinction drawn by Domar about the 
average productivity ratio CT, and its maximum value s^ , the latter 
being entirely due to the new investment projects. Suppose the relation 
is given as (3.37) for each sector, 
(;.;7) = ^ i *  ^X^  where  ^> 0 
then from (3.33) we get 
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xi = (si si ai - ei *1 zi) xi - (ei *i ai> xi ' ei si 2i-
Mien is a constant independent of t, the general solution of this 
equation is given by 
ki (3oG) X (t) = L—r + q (li >0) 
1 1 + Q1 e" i 1 1 
vhere 0^  and q^  are determined by initial conditions and the upper 
asymptote k^  is given by (s^  a^  - z^ )/ a^ , except for the 
autonomous part z^ . In this case we have the remarkable result that 
lim X.(t) = k. + q. (i = 1, ..., n) so that the dynamic Leontief system 
t-%* 11 
is uniquely stable for each sector and hence stable in the aggregate. 
The above approach involves, however, an important limitation due 
to the usual Leontief-type assumptions about the current input-coef­
ficients (a. . = X. ,/X.) and the stock-flow coefficients (b ). The two IJ J 3. J 
most rigid assumptions are, e.g. the absence of scale economies and the 
complementarity hypothesis. With respect to the first assumption, the 
substitution theorem developed in varying levels of generality by 
Samuelson, Koopmans, Klein and others proved that if labor is taken to 
be the only scarce factor to be economized, then the fixed input-output 
coefficients could be interpreted as the most efficient set in the sense 
that all desirable substitutions with respect to labor have already been 
made by the competitive market. Under the given circumstances, the 
economy would always behave as if it knew only one set of input-ratios 
for each commodity, namely the optimal set in respect to the primary 
factor (labor). Two types of objections could be raised against the 
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generality of this interpretation. First of all, labor is not the scarce 
factor in less developed economies and economizing may be more important 
in respect to capital and other resources. Secondly, the assumption of 
fixed coefficients excludes the choice of optimal investment criterion 
in a planning model for investment allocation in a less developed 
framework. 
Theoretically, these objectives could be met by the introduction 
of more general types of production function, e.g. Cobb-Douglas function. 
In the Leontief model, we may define the production function as, 
(3.59) Xj = Aj (i, j = 1, n) 
Denoting k„ as the ratio of the statistical estimates of the elasticity 
coefficient (a..) and the marginal product of the input (X..), the open 
i  J x j  
static balance equation of the Leontief model can be reformulated as, 
n 
X .  =  Z k X + Y ,  ( i ,  j = l ,  . . . , n )  
i j=l  ^J 1 
When the (capital) stock-inputs enter into the production function like 
the current inputs, as in (3.39), the extension to the dynamic Leontief 
case is straightforward. If the stock inputs (K_) enter linearly in 
the following fashion, 
n a. . 
= b K fr-ii (i, J = 1, 
J J j 
then the open-dynamic balance equation of the Leontief model can be 
written as 
X. = Zk, . X. + 29.. X. - £ k, . b. K. + Y. 
i i ij J i iJ J i  ij J J i 
kb 
where 9. . is a parametric coefficient determined by < b (k. b. m. .) 1 
ij i o J j ij y 
m.. denoting the incremental ratio of output X. to the innut X... 
i j  J  *  
The assumption of complementarity, which is more important in the 
case of a planning model for economic development, is relaxed, although 
indirectly, through the introduction of scale economies in the usual 
Leontief-tvpe model. A more detailed discussion of this aspect will be 
given in a later chapter, 
The Stochastic Aspects 
We will consider three different types of cases in which stochastic 
aspects can be introduced in a growth model, e.g. stochastic variations 
of the input-output coefficients, application of the transition prob­
ability schemes and the additive shocks to an economic system. 
From the viewpoint of economic policy, the most important case 
occurs when the coefficients entering into a growth model are statisti­
cally random variables, with finite means and variances. In the theory 
of stochastic linear programming, two types of approaches have generally 
been adopted, which are termed by Vajda (1961) the 'distribution prob­
lems' and the 'expected value problems'. The distribution problems 
studied by Tintner (1955) and Madansky (i960) consist in finding the 
distribution of the optimal value of the objective function, when the 
individual input coefficients are normally independently distributed. 
In the passive approach, we wait for observations on the random coef­
ficients in order to incorporate the information about the stochastic 
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variations of the input-coefficients. In the active approach, as 
developed by Tintner, additional decision variables are introduced, 
which denote the proportion of a given resource allocated to a par­
ticular activity or sector. According to the expected value problem, 
studied by Beale (l955)> Dantzig (1955) and others, we consider an 
optimization of the expected value of the objective function, after 
introducing into the latter, the amount of loss incurred due to the 
discrepancy between the two sides of restricting equations, on account 
of the random variations in the input-coefficients. For a growth model 
used in economic planning, the estimation of losses resulting from the 
stochastic variations of the coefficients may pose a complicated task 
regarding the social welfare function. From this standpoint and also 
because the decision variables could be directly introduced, the active 
approach of Tintner may be more realistic and useful. 
In order to analyze the implications of the active stochastic 
approach, we consider the operational M-model given in (3.21), which 
is essentially an intersectoral generalization of the Harrod-Domar type 
models. However, there are certain characteristics of the M-model which 
are different from the usual growth models. First of all, by assuming 
two sectors producing consumption goods (subscript c) and investment 
goods (subscript i) as in equation (3.21), it shows that even a one-
sector growth equation 
(3.40) Y = I P = I( \c f3c + \ (3.) 
of the Harrod-Domar model, contains the coefficient (3, (in the notation 
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of equation (>2l) before) as a weighted average of the allocation 
proportions "\^ , "Xc where ^  .. + X^  = 1. This has the immediate 
consequence that for a given total investment (i), the growth equation 
could be extended to the subsectors of the original two sectors as 
follows, 
(3.41) 
r v j  
" I ^  0 1 
1 0 kii sck. 
T i v 
V J 
where "X (or "X )^ denotes the proportion of total sectoral invest­
ment X I (or Xc i) allocated to the subsector k of the sector i 
(or c) such that Z "X . = 1 = S X . Here Y. and Y denote the out-
k  ^ k  ^ i c 
puts of the sectors i and c. The coefficient matrix in (3«4l) is 
strictly diagonal in this case implying relative independence of the 
two aggregated sectors. Secondly when investment (i) is not exogenous, 
the M-model introduces a recursive type interdependence 
(3.42) 
I = I0 exP( \ PJL t) 
C 
= >c 9c h exp( \ 9i t} 
(lQ = initial value of i) 
This has the consequence that growth of consumer goods output depends 
on that of the investment goods but not vice versa. Thirdly, if we con­
sider the ratio H^  = I^ /C^  as a measure of the composition of national 
output for a fixed time period (t), then the mean rate of growth of this 
ratio follows a transient asymptotic path given by 
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(3^ 5) \ L fc(t) IL 
\ âc(t) 
where bar denotes mean values for a fixed t. It has to be emphasized 
that Pc are determined in the M-model from the cross-section data 
of f3^ , Pc available in the Census of Manufacturing Industries. Each 
individual 3^  (or p^ ) may differ from firm (industry) to firm (industry) 
and the firm (industry) in existence may be considered as a sample from 
the universe of all possible firms (industries). The estimation prob­
lems for such systems with nonadditive (or additive) disturbances have 
been studied by Hurwicz (1950) and Rubin (l°5O). 
We consider now a bi-sector system given by (3•40) with the condi­
tion  ^= 1 and denote expected values by E(p^ ) = £5., E(p^ ) = 
and the standard deviations of p^ , 8 by <T, (T respectively. Since 
total investment (i) is assumed to be exogenous, the variance of Y is 
given by 
(3.44) I^( ^ ^ <: + 2 I- cr. (T^) 
where r is the correlation coefficient between pL and p^ , when the 
latter two are not independent statistically. For a fixed planning 
horizon, the imposition of the condition of minimum variance of the rate 
of growth gives an optimal value of the allocation ratio (\^ ), that 
will secure a stable rate of growth: 
(3.45)  ^^ 
1 (r + <rf - 4 r <r. <r CI 1 c 
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When r = 0, we get 
^ ^ 
Consider its analogue in the second case given by ($.42) above. A more 
generalized objective function is to assume, after Theil, that the 
planner is interested in minimizing absolutely the dispersion of actual 
growth rate (.3 =. Y say) around a target value T. In this ease, optimiza­
tion on the objective function itself involves minimization on two 
counts, e.g. variance and the deviation of the target from the expected 
value 
E(Z - T)2 = E(z - zf + (Z - T)2 = var Z + (Z - T)2 
The optimal allocation ratio is now specified by, 
To + (»c * W - T/J) " 2 r "i ^  
with the second order conditions P > [3. and 
c — 1 
f *"i + ?c + 4 T (T^ , when E(l) = Ï 
is still assumed given. This leads to the question of alternative 
weighting of the expected value (ZJ and the variance (var ZJ of the 
rate of grovrth (z). For a fixed set of weights w^ , w0 such that w^  + w^  
= 1, a maximization of the linear function of the expected value and 
variance of Z gives the interesting result 
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v 2 "a1 rc - "A - V {D ,b r . j )  A . = p p  ^ > 
( <T + 0-,) 2 wn I 
u x c 
provided, we assume r = 0. When the average marginal productivities 
P^ , P are equal, this solution is reduced to that given by (5.46) 
before. The policy model of Mahalanobis specified a value = 0.35 
as the ontimal allocation ratio on the basis of exnected values 8. = 0.2, 
. i ; 
p = 0.4 by imposing the condition of maximized national income for a 
fixed planning horizon. In our case, this value would also fulfill the 
condition of minimum variance of Z, only if the variance of p^  equals 
twice the variance of p^  for a fixed planning horizon. Otherwise the 
two objectives would in general be different. 
When total investment (i) is endogenous and the model is given by 
(3.42) above, the variance of Z would be approximately given as 
v^ar p  ^E(e  ^A . 
provided we assume r = 0 and p denotes ( \ p. + "X p ). The expecta-
tion of terms like E(e ) is very difficult to determine uniquely, 
unless by introducing explicitly the density function for the output-
>iP1t / ^^ -1) 
investment ratios. Assuming that we can write E(e ) = e , 
where m is a Poisson-type parameter, then the condition of minimization 
of var Z involves an explicit solution of the following equation for the 
optimal allocation ratio ( X). 
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- 1 28 (e -l)f - ? _ x t V 
(>^ 9) e < \ 0" . - X (T + (var p) p.t e ) 
L i 1 c c i 
n , - 2\pt 
+ (P)" (T^ P. e i i = 0. 
Some numerical approximations or iterative methods may have to be 
applied here for finding optimal values of the allocation ratio. When 
the period t is fixed beforehand in the sense that an average of invest­
ment from 0 to t is the relevant instrument of policy but the stochastic 
distribution of p^  is independent of t, then we may fix E(IQ exp(X^ p^ t) ) 
equal to l(t). In this case the minimization of E(Z - T)2 as in (3.4?), 
would give an optimal value 
(
~
3c " I(t) " T + t)2) + I(t) 
1 ï(t)( + <r\) + (Pc - P.)^ o-2(p. tf + ï(t)j 
In general, the methods of nonlinear programming irould have to be 
utilized, in cases involving more than two sectors. 
The third case given by ($.4$) is very difficult to incorporate in 
an easy operational way useful for economic policy, because the variance 
of the Hoffmann ratio H gets very much complicated. In the asymptotic 
case (t —ïcO), however, the ratio H tends to the value ^  A. &./ \ ^ p^  . 
I -* C C j 
Given this long-run planning horizon, 
var H = ( Xc)2 var(p./pc). 
Since P^ , P^  are assumed to be randomly distributed, the form of the 
probability density function could be determined empirically by the 
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Pearsonian method, of moments or other devices. Since economically the 
observed values of , B must be nonnegative, a plausible hypothesis 
would be to assume that each of p_^  and p^  are distributed as independent 
Gamma variates with parameters L and m respectively, the latter being 
estimated by p^  and P^ . Then it follows that the ratio P^ /Pc would be 
distributed like a Beta-prime variate with parameters I and m. In 
this case, the maximization of the policy-maker's objective function 
(T) for fixed weights w^  + = 1, 
T = w1(>. p. + Xc Pc) + v2( > ^ var(p./pc)/ >2) 
would specify the optimal value of the allocation-ratio as, 
* v P.(m - l)2 (2 - m) 
X = i— 
w1 Pi(m - l) (2 - m) + 2 Vg Pc I ( m - l) 
which is defined in an economically meaningful sense in certain cases, 
e.g. the data used by the M-model show (p^  + p^ ) <( 1 and p^  y 0, g 0 
and in this case the second order is also fulfilled, if w^  P.,*/?  ^2 wQ 
It is worth pointing out that the above theoretical analysis of the 
policy model, although based on one degree of freedom, nay be generalized 
in several important directions, e.g. nonlinear programming, the intro­
duction of more sectors and the multi-stage programming schemes. More­
over the bi-sector model (3.4o) remains flexible even when the nature 
of the objective function is varied. For instance, we may consider the 
square of the coefficient of variation of Z as the criterion of varia­
bility of income changes, as Heady (1952) has done in his analysis of 
risk and uncertainty in agricultural production, then its minimization 
leads to an optimal allocation ratio 
\*(t) = 
Pc(t)( <r2(t) - r <r±(t) (Tc(t) ) 
9c(t) |<r2(t)+ <p;(t)-2r <T(t) <fc(t)^  - <r^ +r <r.(t) <T(t))((t)-3e(t))J-
With r = 0 and 0^ (t) = {3 (t), this leads to the same optimal value 
as in equation (j.46) before. Economically this implies that to secure 
a stable rate of growth, the allocation proportions out of total planned 
investment in different sectors must be inversely proportional to the 
variances of the output-investment coefficients for those sectors. 
A second type of stochastic considerations that may be useful in 
a policy-model, introduces the assumption that the output-investment 
ratios (j3) are subject to a set of transition probabilities. Consider 
the aggregative model given in ($.40) and assume that there are n finite 
values (or 'states') which (3 can take (or occupy), the probability of 
its transition from a given value (or state) i to another j being denoted 
by p„. Denoting the n-rowed square matrix of transition probabilities 
by P having elements p.. (i, j = 1, ..., n), it is readily apparent that 
n 
for a fixed value (or state) i, £ p.. = 1, since (3 must occupy any 
j=l 1J 
one of the values for a given period. We would like to know the prob­
ability that 3 will be in a given state, after a number of periods, 
provided its initial position is known and the matrix of transition 
probabilities is constant from period to period. For this purpose, we 
define a 'state probability1 3j_(m), the probability that 3 would occupy 
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state i after m transitions, if its state at in = 0 is known. Denoting 
a row vector of state probabilities with components p (m) by 3(m), 
we get for different values of m = 0, 1, 2, ... the recursive relations 
9(1) = (3(0) P 
(3.50) p(2) = p(l) P = p(0) P2 
6(m) = p(m - lj P = p(0) P™ 
For examnle, if the initial row vector j 5 ( 0 )  is f0.03 .40 .52 I and 
V .2 .4 .41 L 
.4 .5 -3 1 j  then the row-vector of state 
y' .4 0 ] 
probabilities, after 2 transitions would be given by, 
the transition matrix P 
P(2) = .;T2 .213] 
The recursive relations given in (3.50) specify a finite Markov chain 
process, because the outcome of a given experiment (i.e. row vector 
,6(m) ) depends only on the outcome of the immediately preceding experi­
ment (i.e. row vector p(m - l) ) and this relation of dependence is 
identical at all stages (i.e. the matrix P has constant elements). If 
the transition matrix P has all nonzero elements, then it must neces­
sarily be regular and hence ergodic. Denoting the matrix P™ by H(m) 
when it is regular and ergodic, it is interesting to note the component 
matrices of H(m), when the number cf transitions becomes large. As a 
matter of fact, the matrix of H(m) could in this case be written as 
+ T(m)-  ^, where S is the stochastic matrix containing rows that 
would be the limiting-state probability vector of the process (i.e. each 
element of P™ approaches the corresponding entry of s) and the matrix 
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T(m) represents transient behavior, such that the elements of T(m) 
vanishes as m becomes very large. The long-run prediction of the 
output-investment ratio can thus be computed and utilized in the con­
struction of long-run model. Theoretically it may be considered an 
extension of Haavelmo's idea that the coefficients of a growth model 
are stochastic. The assumption of an unchanged transition matrix over 
time may not, however, be realistic. 
The idea of an absorbing Markov chain known as random walk may, 
however, be more realistic and operational. Consider the difference 
equation for investment in the M-model and assume that growth of in­
vestment in proportion to size is a random variable with a certain 
probability distribution considered constant in time. Such an assump­
tion is the basis of the log-normal distribution developed by Kapteyn 
and Gibrat. Denoting X(t) f3^ (t) by u^  where u^  is a random variable, 
we may write the investment (l^ ) equation as, 
where IQ is the initial volume of investment. Since each u is very 
small, not exceeding 6 per cent per annum (in the M-model, u = .06) and 
it could be made smaller by reckoning national accounts quarterly rather 
than yearly, we may take the linear approximation of (3•51) as 
vector p(m) tends to become independent of the number of transitions 
and hence independent of time. The long-run "average" value of the 
log It = log Iq + (u1 + u2 + u2 + ... + ut). 
Then the logarithm of size of investment at time t results from the 
addition of many small independent random variables having identical 
distributions and also from the logarithm of the original size. One 
may now consider different types of distribution for the random variable 
u^ . If we assume with Gibrat that each u^  is identically distributed 
2 
normally and independently with mean m and variance 0" , then the 
limiting distribution of log Ix (when t —ïoO ), according to the 
2 
Central Limit theorem, would be normal with mean mt and variance t <r , 
provided the contribution of the original size log I becomes negligible 
as t —>oO . One limitation of this type of stochastic process, known 
as a simple case of random walk, is that the variance of log 1^  tends 
to infinity in the long run. In order to eliminate this limitation, 
Champernowne (1952) assumed that the mathematical expectation of the 
random step'in each time interval is negative. Kalecki (19^ 5) postulated 
on the other hand that the proportional random increment is negatively 
correlated with size. Although a stable limiting distribution is 
achieved under both these cases, their economic realism is not very 
strong. A more plausible hypothesis may be to suppose that the random 
variable u^  obeys an autoregressive scheme of the form 
(3.52)  ^= b ^  ^ 
2 
where e, form a pure random series with mean zero and variance 0" which 
t e 
is independent of t, e, are not autocorrelated and b is a constant less 
t 
than one in absolute value. In such a case, the sum £ u, would be 
t=l 
distributed in the limiting state t—^  with mean zero and variance 
(l - b^ ). We can also introduce considerations of stochastic birth 
and death process to derive a stable limiting distribution. 
From this latter viewpoint, Tintner (lÇ6le) has developed an in­
genious application of the stochastic process to economic development 
such that the trend of national income (Y) or investment could be 
logistic. Denoting by p(Y, t) the probability that at time t the con­
tinuous variable, e.g. national income assumes the value Y, and assuming 
that p(Y, t) follows an exponential distribution for a fixed t, 
p(Y, t) = g(t) e~Ys^  0 < Y jC°0 
such that 
-at 
g(t) = a^  + ag e (a^ , a^ , a, are constants) 
he has derived a differential-integral equation 
M|^ ) = .a3YM|p).(a3 + ai a? y, p(Y, t, 
oO 
+ a^  a, J1 p(x, t) dx 
Y 
-(a,+aj Y 
the initial condition being p(Y, 0) = (a^  + a^ ) e . This is 
similar to the analysis of Kendall (1943) and others on the mode of 
population growth. The trend of the expected value of Y follows a 
logistic curve. An application of this model to the quinquennial index 
of total industrial output in U.K. (1700-1940) constructed by Hoffmann 
(1955) gives interesting results : 
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E(ï) 
- à) - 550.12051 1 + 123.12786 e -0.2l024t 
Lira E(Y) = 550.12051 
t->(P 
Lira var(Y) = 302623 
t 
The plausibility of the upper asymptote value of this trend may be ad­
judged, if ve note that the highest observed value of the index Y over 
the whole period (1700-1940) is 219.00 in 1940. Even when we consider 
Y as the sum total of consumption and investment as in the Keynesian 
equilibrium condition and include an autonomous component of consump­
t i o n ,  t h e  u p p e r  a s y m p t o t e  t e n d s  t o  5 5 2 . 3 5 5  a s  t — .  
To sum up, we have considered three different types of stochastic 
considerations in relation to the current growth models and their policy 
applications. In the next chapter we consider some empirical specifica­
tion of the generalizations we have suggested. 
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OPERATIONALIZATION OF GROWTH MODELS 
In current economic literature, the word 'operationalization' has 
acquired two different meanings. In its normative sense, an opera­
tional model involves an optimal choice among a number of alternative 
combinations of the instrument variables. This requires that the 
relevant economic variables of the model are quantitative and that the 
policy model has at least one or more degrees of freedom. In its 
positive meaning, an operational model need not necessarily have any 
'open ends' that may be useful for policy purposes, but it must be 
capable of being refuted. This criterion of refutability may be 
applied either to the model as a whole or to certain hypotheses derived 
therefrom. In analyzing the logical basis of scientific inference, 
Popper (i960) has mentioned the criterion of falsiflability, that is 
more general than the criterion of refutability. He has shown that 
deductive inference has played a much more important role in scientific 
discovery than induction. In his view, a completely generalized model 
is not testable at all, because it can never be falsified. This does 
not mean that a generalized model is not useful. So long as some basic 
hypotheses deduced from the completely generalized model are falsifiable 
either on economic, statistical or empirical grounds, the former may 
prove superior to other specialized models analyzing more specific 
phenomena regardless of other related circumstances. 
On the basis of this criterion of faisiflability, we would analyze 
the empirical basis of some of the generalizations we have suggested 
before. The empirical specification may be performed either to the 
5S-
conplete model or some of its deductive hypotheses. In most cases, we 
have followed the latter method and in cases where the first method is 
employed we have considered a global model in as simple a form as 
possible, since the very purpose of our empirical constructions is more 
of an illustrative and expository nature. 
Empirical Specifications of the Trend 
Reliable long-period data are the first prerequisites for a sta­
tistical analysis of trend but these are not easily available. Judged 
by the standards of reliability and continuity, the long-run British 
data (1700-1940) on total industrial output constructed by Hoffmann 
(1955) and the U. S. data (1869-1953) on per capita real national in­
come constructed by Kuznets (1946) are probably the best among all 
available long-run data. The latter data, extended up to 1953 through 
a private communication from Kuznets, are mentioned by Meneses (1959) 
and analyzed over four subperiods, 1869-1890, I09I-I9II, 1912-1932 and 
1933-1953. We consider the U. 5. data first for the specification of 
the mixed logistic trend. 
The question of fitting a mixed logistic time-trend is very much 
complicated statistically, because the parameters enter here nonlinearly. 
Hence the ordinary least squares cannot be applied straightforward. 
Recently Hartley (1961) has developed a method alternative to nonlinear 
least squares. According to this method, one constructs a set of trial 
estimators 9 that are consistent, by solving the system of nonlinear 
6o 
equations on the basis of group-average method, that was first applied 
by Yule (1925) to the logistic function. Using 9* as a starting value, 
we are required under this method to carry out few iterations of the 
standard Gauss-Newton technique to obtain the vector of efficient 
estimators ^9*. Although this new method of Hartley may lessen con­
siderably the number of iterations involved, it will still involve 
machine computation and perhaps throwing out some observations when 
these could not be divided into equal groups. In the analysis of the 
problem of fitting a straight line when both variables are subject to 
error, Wald (l$4o), Bartlett (1949), Nair and Banerjee (1942) and others 
have shown that the element of arbitrariness in grouping the observa­
tions to obtain consistent estimators may be considerably reduced by 
the sacrifice of some observations in an intermediate group. 
Since our purpose is to illustrate very broadly the economic nature 
of our generalizations, we have adopted a more simple but perhaps less 
efficient method of fitting a logistic time-function. This method 
developed by Tintner (1957) is essentially a modification of the 
Hotelling approach in terms of difference rather than differential 
equation, whose solution gives the logistic curve. Wc denote per capita 
real national income by Y^  and its reciprocal by Mx. Treating as 
the observed variable, we fit an autoregressive equation of the form 
(4.1) = a + b 1 + ux 
where the usual assumptions are made about the residual error term u^  
that are distributed independently with mean zero and finite variance. 
Cl 
ay solving tne ntted. equation ^ „!J we get the general solution 
(4.2) 'V rh;+ <Mo - rr-b)(b)t 
where M is the value of M in the initial year t = 0. Now we go hack 
to the original variable Y^  by making the inverse transformation as 
(4.3) Yt = 1 where '  ^a 
1 + c(b) c = m(MQ - l——^ ) 
The approximate variance of the upper asymptote m can be calculated 
from the formula mentioned by Meneses (1959)# (4.2) var(m) = (a ) 
|a^  s^ (b) + (l - b)2 s2(a) + 2a(l - b) s(ab) where s2(b), s2(a), 
and s(ab) denote respectively the estimated variances of b, a and the 
covariance. 
The fitting of the autoregrecsive equation (4.1) on the basis of 
per capita real income in the United States over the four subperiods 
gives the following results : 
1869-1890: Mt = 10"5(.228381) + O.9OO563 Mt_1 
= 10~^(.056546), s(a) = 10"^(.227703), s(b) = 10"3(.065%3) ) 
I89I-I9II: Mt = 10"5(.177376) + O.899456 M x 
( = 10"6(.017313), s(a) = 10™5(.O21692), s(b) = 10"5(.101063) ) 
1912-1932: M. = 10"3f.^ 04588) + .810562 M . 
1 ' t-1 
( A/ = 10"6(.017891), s(a) = 10"5(.276877), s(b) = 10"3(,130192) ) 
1933-1953: Mt = 10~^(.O679O9) + O.9II887 Mt-1 
( ^ = 10"^(.O5898I, s(a) = 10"^(.226407), s(b) = 10""^(.l65903) ) 
1869-1953: Mt = 10-5(.051421) + 0.943336 Mt_1 
( ^  = 10"6(.023804), s(a) = 10"5(.042196), s(b) = 10"3(.018438) ) 
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Since the lagged variable  ^could be treated as predetermined in an 
economic sense, the above regression estimates would be identical with 
maximum likelihood estimates, if we make the further assumption that 
the residual term u^  in (4.1) is normally and independently distributed. 
But this assumption may not hold in general. It is worth pointing out 
that each of the above regression estimates of b are statistically sig­
nificant at I/o level of t-test. For example, the computed t-values 
for the b-coefficient in the five cases above turn out to be 13.7, 3.9, 
4.5, 5*5 and 51.2 respectively, whereas the maximum relevant value of 
t for l8 degrees of freedom comes to about 2.870. The coefficient 
p 
of determination (r ) turns out to be 0.9078, 0.3248, O.529I, 0.9408, 
and 0.9700 respectively in each of the above five cases. This may 
offer indirectly a very good evidence for the goodness of fit in all 
the cases except perhaps the third. 
The solution of the above set of linear difference equations could 
be easily written by noting the initial value of M at t = 0. For 
example, the solutions in the first four cases turn out to be as follows: 
IOG9-I89O: M = 10"^ (2.)01769) + .0024)731(.900563)^  
I89I-I9II: Mt = 10-5(1.763407) + .000812(.899456)l 
1912-19)2: M = 10"^(1.606154) + .000033(.810362)"^ 
1933-1953: = 10"\7.707297) + .001l68(.911837)^  
It is interesting to note that in the third case (1912-1932) the re­
gression coefficient b is smaller than in other cases. Historically, 
this may have some relevance to the inter-war period of great depression, 
to which the United States economy was subject. 
' V 
The final equations derived from the above set of solutions are 
is follows : 
, -1 
(4.4) 1%9-Io90: Y = 434.593654(1 + 1.058081 (.900563) 
(4.5) IG9I-I0U: Y = 567.0^ 310(1 + O.45366Q (.89 
(4.6) 1912-1932: Y^ = 622.665006(1 + 0.051601 (.310362) 
(4.7) 1933-1953: =1290.701202(1+ 1.516083 (.9113:7) 




Since we are interested in the upper asymptote (in), it may be of 
relevance to estimate its approximate variance by the formula (4.2). 
Using 5$ values of t with relevant degrees of freedom, we may also 
compute the 95$ confidence limits of the parameter m. These estimates 
are reproduced in Table 1. 
Table 1. Estimates of the upper asymptote (m) 
Equation 95/0 confidence limit 
No. Value of m Lower Upper D.F. .^05 
(4.4) 434.594 87.156 782.032 19 2.093 
(4.5) 567.036 330.097 754,075 13 2.101 
(4.6) 622.665 536.424 708.806 lo 2.101 
(4.7) I290.7OI 277.615 2319.787 18 2.101 
(4.3) HO2.O5O 316.807 1887.291 82 1.993 
64 
Judged by the approximate estimate of its variance, the estimate of 
the upper asymptote is statistically significant at the 5$ level of 
significance in each of the equations (4.4) through (4.5). It is 
interesting to note that successive levels of the upper asymptote (m) 
follow an increasing sequence from the period 1869-I89O to 1933-1953-
Since the b-coefficient is less than unity in all these cases, the con­
vergence of the trend of real per capita income is assured. The upper 
confidence limit of the parameter m in case of the last period (1953-
1955) turns out to be 2319.707 in constant dollar terms, which may be 
roughly treated as the limiting value of the long-run trend of United 
States per capita real income. 
We now turn to the long-run British data (1700-1940) constructed 
by Hoffmann after a careful method of changing the relative weights on 
a chain index basis. As the nearest approximation to real national 
income, we have taken the sum total of the indices of net output of 
consumer goods and producer goods industries with the base period 
1913 = 100, and denoted as Y^ . The highest observed value of this 
index (Y^ ) in Hoffmann's series occurs in 1940 with a magnitude 219.00. 
In order to get a rather smooth series, we have considered only five 
year alternative values, starting with the initial year 1700. Denoting 
as the reciprocal of Y^  as before, we get the estimate of the first-
order autoregressive equation as, 
(4.9) M, = 10"2(.010328) + 0.937959 M, . 
"u "L—J. 
(^=10^(4.9735), s(a)=l(f2(.44379l), s(b)=10^(.025246), ^=.968) 
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The logistic solution is easily derived as, 
t 
(4.10) 1700-1940: = 572.9o0o;2(i + 231.625 (.937959) ) 
On the basis of the approximate variance of the upper asymptote, the 
95$ confidence limits of m are given as, 
Lower limit 524.1978 
Upper limit 621.7238 
If, however, we are interested in the estimates of the upper asymptote 
itself, a logistic function is not the only one that has this property. 
A more direct and efficient way would be to fit a first-order auto-
regressive equation to the original variate Y, itself rather than its 
reciprocal. Taking yearly values for the whole period 1700-1940, the 
equation and its solution turns out to be 
(4.11) Yt = 2.096751 + O.997297 Y x 
( a*2 = 64.O67856, s(b) = .011161, s (a) = .415703, r2 = .986) 
(4.12) 1700-1940: Yt = 775.712541 - 772.882541 (.997297)t 
The two estimated coefficients of equation (4.11) are statistically 
significant at 1$ level of significance of the usual t-test. The 
limiting value of Y^  as t —^ cP is 775.71, a magnitude which is slightly 
higher than the asymptotic value given by the indirectly estimated 
logistic function in (4.10). This difference may be largely due to 
different sorts of assumptions underlying the models and also to the 
difference in values of b-coefficient, which when raised to the power 
t specifies the transient process of growth of income over time. 
A more interesting application of the first-order autoregressive 
equation for Y^  is to consider it in terms of the subperiods which can 
be characterized as stages of development in terms of the Hoffmann ratio, 
which is directly available in this case of British data. In his sta­
tistical analysis of the growth of a large number of industrial economies, 
Hoffmann (1953) found that the general process of economic development 
is characterized uniformly by a gradual switch-over of the ratio of net 
outputs of producer goods (investment goods) and consumer goods industries 
from 0.2 to 0.5 and then to 1.0 or more depending on the dominance of 
the capital goods sector. On the basis of these values of the Hoffmann 
ratio, we divide the whole period, 1700-1940, into three subperiods, 
1700-1345, l84c-l83o and l38l-1940, the mean values of the Hoffmann ratio 
in each of the subperiods being about 0.39, O.78 and O.9O, respectively. 
Based on the index of industrial output excluding buildings, Thomas 
(1961) identified the three regimes with the periods 1700-1815, l3l6-
1878 and 1879-1938. Rostow (I95G) also considers 1850 as the approx­
imate date of technological maturity. Our subdivisions broadly conform 
to these estimates. 
Our resulting estimates are as follows : 
(4.13) 1700-1845. (N = 29): Y^  = -O.5B926 + I.216209 Y^ _i 
("ch = 0.7735, s(a )  = 0.237453, s(b) = 0.018137, = .994) 
Solution: Yt = 272.5406 + 0.104594 (1.216209)* 
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(4.14) 1846-l63o. (N = 34): Y, = 2.110377 + .997562 Y, , 
U 0-1 
(^f = 16.6869, s(a) = 2.758180, s(b) = .036669, r2  = .959) 
Solution: Y = 865.6181 - 822.7182 (0.997562)^ 
(4.15) 1381-1940. (N = 12): Yx = 18.386564 + 0.942899 Y, _ V t-1 
(a-2  = 69.7772, s(a) = 12.4469, s(b) = 0.0748, r2  = 0.941) 
Solution: Yt = 322.0064 - 2ll.So64 (o.942B99)* 
The last equation is "based on quinquennial values in order to obtain a 
rather smooth series for trend estimation. Hoffmann (1955) has noted 
about the nature of interactions of trend and cycles in the following 
terms : "Between the middle of the i860's and the outbreak of the first 
World War there were certain rhythmical fluctuations in the rate of 
growth of industrial output, but the general trend was one of a de­
clining rate of expansion of industrial production" (p. 207). From 
the solutions of the three equations above, it is apparent that up to 
l880, the British economic development was marked by a high rate of 
growth, that was followed by a relative decline in the next phase (l88l-
194o). A break-up of the phase l88l-1940 into two subperiods, l88l-
1908 and 1909-1940, shows the relative rate of decline into sharp focus. 
Taking yearly values for these subperiods and denoting standard errors 
under parentheses, the results are as follows : 
1881-1908: Y. = 3.526136 + 0.991846 Y 
(6.2016) (.0448) 
or2 = 17.5935, r2 = 0.9514, M = 27 
Solution: Y^ = 452.4425 - 324.0425 (0.991846)* 
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1909-1940: Y^ . = 49.435529 + 0.734714 Y 
(26.0914) (.4551) 
/(f ^  = 200.2259, = 0.4820, IN = 25 
Solution: Y^ = l36.343l - 12.9431 (0.734714)°. 
Trend Estimates by a Global Model 
The above estimates by an autoregressive model have one limita­
tion, e.g. these do not show the simultaneity of economic relations 
that characterize a Keynesian model, as extended by Harrod and Dcaaar. 
For this purpose, we consider a simple global model, much similar to 
the usual Harrod-Damar model, except for the logistic trend. In this 
respect, our model will be similar to models of growth developed by 
Klein (l96la), Tintner (1961c) and Tinbergen (1956). 
Consider the model given as, 
C 
^ = a - b Y^. + ^ (b > 0) 
(4.16) It = k + g Ct + vt 
where the residual error terms u^ , v^ , w, are assumed to be independently 
distributed with zero means and finite variances. The first equation 
states that the average propensity to consume will have a tendency to 
decline, as the economy reaches maturity in terms of national income. 
The second equation states that investment (i^  = total or per capita) 
will be limited by consumption (C^  = total or per capita), while the 
u9 
third equation specifies the rate of change of real income (Y^  = total 
or per capita) as a function of the rate of change of capital stock (K) 
or investment (l^  = total or per capita). It is worth pointing out that 
this model (4.16) preserves the recursive type of causal ordering 
familiarized by the arrow diagram method of Tinbergen. If the causal 
sequence specified in the above behavior equations maintains a close 
correspondence with the actual empirical phenomena, then the single 
equation method of estimation would have sufficient logical justifica­
tion, as it has been emphasized by Wold (1953)• However, it is apparent 
that the reduced form method of Haavelmo is not at all applicable, be­
cause of nonlinearity in the consumption function. Moreover, the method 
of linear approximation of a nonlinear model, as suggested by Klein is 
not helpful in this case, because it eliminates the logistic trend 
altogether. Hence we have applied the single equation least squares 
method of estimation, which in this case has other justifications of 
simplicity and refutability, as recently emphasized by Waugh (1961). 
The method, however, may not have the property of unbiasedness of the 
estimates, as the full-information maximum likelihood method or the 
method of double least squares. The latter, however, are computationally 
expensive. 
For long-run British data (1700-1940), the figures of capital 
stock are not available. Hence we have taken an extraneous estimate 
for the marginal output-capital ratio (|3 = O.30), which is estimated 
on the basis of more recent data (1958-55) by Redfern (1955), Brown (1953) 
and others. Taking Y^  as the sum total of the indices of net output of 
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consumption (C^ ) and investment goods (I ) from Hoffmann's data, the 
estimates on the basis of five year alternative values for the period 
1700-1940 are as follows : 
C 
^ = O.73496I - 10"^(1.;360) Y. 
h t 
= 10~\.612260), s2(a) = lO'^ C.021796), s2(b) = 10"10(2.5J7l) ) 
= -5.7892 + 0.9898 
= 61.9502, s2(k) = 2.;6G5, s2(g) = 10^ (1.013565) ) 
3 = 0.30. 
The particular solution of the final income equation can be easily 
derived by noting the initial values of Y^  = C4. + I at t = 0. Hence 
the particular solution is 
(4.17) Yt = (a/b)(l + QQe"Psat) = 550.1205(1 + 123.123 e"-21lj24t) 
where 0 is a constant determined by initial conditions and approximated 
by the following expression in the general solution, 
(a/b) ( 1 - 3ga -i- Pgb)/ | Yq(1 - Pga + 3gb) - £k | % - 1 
The upper asymptote in the general solution would depend also on the 
autonomous component of consumption (denoted as C ), which is not included 
in the above consumption function given in (4.16). The most appropriate 
estimate of Cq would have been provided by the government expenditure 
on consumption goods but this is not available in Hoffmann's data. Two 
other indirect ways may, however, be suggested. One is to take C as 
the modal average value of in the early decades of industrialization, 
e.g. 1700-1725. The second is to consider C& as equivalent but opposite 
in sign to the constant intercept of the 1^  function given in (4.16). 
The second presumption is based on the hypothesis that the upper bound 
of autonomous investment is set by the autonomous component of consump­
tion. The general solutions in these two cases are easily derived by 
means of income identity as, 
(4.1o) 1700-1940: Y = 0.44053 + 550.1205(1 + 181.1912 g-0.2l324t) 
(4.19) 1700-1940 : Yt = 2.2J468 + 550.1205(1 + 443.9641 e-°*2102lrt) 
The three upper asymptotes in the general solutions of (4.17) through 
(4.19) are given, respectively, by 449.14363, 550.56104 and 552.35519» 
In order to test the generality of our trend estimates on the basis 
of a global model, we have also considered more recent data on national 
income accounts for the following set of countries, e.g. Canada (1926-55), 
United States (1929-55), United Kingdom (1948-59), Netherlands (1943-55) 
and India (1919-52). These data are reproduced in the Appendix and 
their official sources mentioned. The variable Y^  denoting real national 
income is measured in 100 million pounds sterling (at 1953 prices) for 
the United Kingdom, in billion dollars (at 1929 prices) for the United 
States, in 100 million dollars (at 1949 prices) for Canada, in billion 
guilders (at 1953 prices) for Netherlands and in billion rupees (at 
1938 p" ices) for India. Total investment (l^ ) and consumption (C.) are 
defined in similar units. The variable 1+ includes private investment 
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and all government expenditure for all the countries but excludes in­
ventory holdings in case of the United Kingdom and Netherlands. For 
each of the countries we assume a marginal output-capital ratio (p) 
equal to O.JO, i.e. Yx = 0.50 I . The resulting estimates of the other 
behavior equations are as follows : 
Canada (1926-55) 
C /Y = 0.7524lo - 0.00057754 Y 
(.0255) (.000179) 
I = -9.9246 4- 0.618762 C 
(6.7280) (0.078476) 
United States (1929-55) 
C /Y = O.77I074 - 0.00080105 Yt 
(.055032) (.000505) 
i = -16.0551 + 0.495877 ct 
(9.9814) (.096153) 
United Kingdom (1943-59) 
C^ /Y^ . = 0.899722 - 0.00129757 Y^  
(.037190) (.00021406) 
it = -18.7582 + 0.623570 C 
(2.8832) (.023945) 
Netherlands (1948-59) 
C^ /Y = 0.850094 - 0.00908999 Y^  
(.033885) (.00131569) 




c|/y|. = 0. $84046 - 0.00248)40 y 
(.033610) (.001209) 
Vct - °-03 
The recursive model could be completed for each of the above countries 
by introducing the output-generating function 
Yt = dY/dt = 0.30 I . 
The particular solution of the final income equation in each case can 
be easily derived as, 
n 
-1 
Canada (1926-55) Y, = 1263.6077 \ l  + 21.514822 e-°-135958t j 
L _ 
United States (1929-53) yt = 963-5772 ^  1 + 10.353529 e™0,11^ 5o5tj 
United Kingdom (1943-59) Y^ .= 693.5899 |l + 4.495910 e-°-l6u312tj 
Netherlands (1946-59) \ = 93-5193 [ 1 + 4.379245 e"°,22l671t] 
India (1919-52) Yt = 396-3133 [l + 16.0091 e-°-025^ t j 
For the Indian economy, the 1^  function is not separately estimated, 
but an average value of the ratio I^ /C^  is considered due to two specific 
reasons, e.g. investment figures prior to 1940 are very rough due to a 
lack of a good price index for capital and the pattern of investment 
has been controlled deliberately since 1950. Moreover, the consumption 
function fitted on the basis of data for 1948-58 shows an increasing 
tendency for increases in real income, so that the exponential rather 
than the logistic solution appears to be more appropriate. 
In the completely general solution, the upper asymptotic value of 
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real income in each of the above cases would also depend on the autonomous 
component of the consumption function. The treatment of consumption-
income ratio rather than absolute level of consumption as the dependent 
variable is a simple device to remove heteroscedascity from the data 
but this excludes the autonomous component of consumption. 
Trends in Hoffmann-Ratio and Implications 
We have already seen that the trend in Hoffmann ratio, which 
measures a change in output-mix over time, would be strict logistic in 
nature, if we assume the behavior equations of the Mahalanobis model. 
The latter model defines certain allocation ratios ( X ) which are 
meaningful only in a planned economy, with some form of public invest­
ment program along with private investment. Two questions readily 
suggest themselves when we consider an empirical identification of the 
trend in Hoffmann-ratio. How much empirical relevance will the trend 
have for long-run British data (1700-1940), for which alone a continuous 
time series is available? Secondly, a question which Hoffmann never 
asked is how fast the critical ratio (which is supposed to measure the 
average change in structure of production) changes over time in the 
course of industrialization. 
Since an exponential function can be considered a good approxima­
tion for the first phase of the logistic trend, the simple method of 
autoregressive equations can be applied to test the hypothesis implied 
by -the first question. The results of fitting a function of the form 
75 
Ht = a + bHt-l •*' ut 
where H, is the Hoffmann-ratio and u. is assumed to be distributed 
t z 
2 independently vith zero mean and finite variance <r , are reproduced 
belov for different subperiods or stages of British economic development, 
1700-1845 (N = 29): II, = 0.28907 + O.25827 Hx . X u-i. 
(.073176) (.104973) 
= 10^ (3542.52), r2 = 0.069, \ = 1.39c 
l846-l38o (N = 34): Hx = 0.0869 + 0.877225 H u t-1 
(.0469) (.073931) 
or2 = I0~b(1884.88), r2 = .3i48, t^ = 11.865 
1381-1940 (N - 55): H = O.23172 + 0.745012 H 0 0-1 
(.12074) (.13)357) 
 ^= 10^ (15541.06), r2 = 0.006, t^  = 5.57 
1850-1940 (N =19): = 0.16853 + 0.827256 
(.06369) (.079117) 
 ^= 10^ (3641.73), r2 = .865, t^  = 10.46 
1700-1940 (N = 48): Ht = 0.01776 -1- 0.990171 H x 
(.02750) (.0!i64l) 
.^2 = 10^ (5329.60), r2  ^.903, t^  = 21.34 
The figures under parentheses for each equation denote the standard 
errors for respective estimates and N denotes the number of observations 
such bhat it points out whether yearly values or quinquennial values are 
considered for calculation. Further, the time-series on Hoffmann-ratio 
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is not available from 19$6 onwards, although the index of industrial 
production is available up to 1950. Based on the latter index, we have 
assumed an extrapolated value = 0.984 for 1$40 but since the extra­
polation is carried out on the basis of quinquennial values, the gap in 
the time-series for 1956-1959 remains unfilled, regarding the above 
autoregressive equations. 
The solutions of the above set of equations unmistakably indicate 
the approximate trend in Hoffmann-ratio as follows : 
1700-1845 (N = 29): Ht = 0.390878 - 0.049878(0.258271)^  
Io46-l83o (N = 34): Ht = O.7O7790 - 0.159793(0.877225)^  
1861-1940 (N = 55): Ht = 0.908749 - 0.121749(0.745012)t 
1850-1940 (N = 19): Ht = 0.975628 - 0.468628(0.327256)"^  
1700-1940 (N = 48): Ht = 1.8067 - 1.4667(0.0990171)^  
The solution for the last subperiod (lG50-1940), where all the estimates 
are significant at 5$ level, shows that the limiting value of the 
Hoffmann-ratio is 0.97- at t —>oO .  
In order to test the hypothesis of a logistic trend in we 
apply our approximate method of fitting mentioned before, which is based 
on the reciprocals Q, = (H^ ) \ The estimated autoregressive equations 
for Q. are as follows : 
17OO-1045 (N = 29):  ^= I.023927 + 0.30412058 
(.480654) (.182186) 
l846-l88o (N = 34): 0^ = 0.254478 + 0.826728 
(.124286) (.074829) 
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l83l-l94o ( N = 55): Q, = 1.059052 + 0.066908 , 
X t-_L 
(.158215) (.137554) 
1846-1940 (N = 19): Q. = 0.36044261 i- 0.67404351 n 
X X—_L 
(.096462) (.068196) 
1700-1940 (N = 43): Q = 0.176782 + 0.902780 Q, . 
X u—X 
(.159149) (.071202) 
The first and the last two equations are based on quinquennial values, 
the rest on yearly data. The estimates of the error sum of squares and 
other statistical information are given in the Appendix. The final set 
of solutions could "be written down in terms of the original variable as : 
1700-1345 (N = 29): Ht = 0.381679(1 + .0953(.304l2058)t) 
I08I-I94O (N = 55): Ht = 0.831834(1 + .0103 (.066903^ ) 
1846-1940 (N = 19): Ht = 0.904323(1 + 1.3006(.674043)t) 1 
1346-1880 (N = 34): Ht = 0.680921(1 + 0.566l(.826723)t)"1 
1700-1940 (N = 48): Ht = 0.549964(1 + 0.3034(.902780)t)~^  
The 95$ confidence limits based on the approximate standard error of 
the upper asymptote s(m) may be mentioned below for illustrative 
convenience. In his analysis of the structure of growth of British 
industrial output, Hoffmann noted that the output of the producer goods' 
industries had changed at a relatively quicker rate than that of the 
consumer goods' industries and he explained this trend on several 
economic grounds, e.g. unequal rates of growth in the manufacture of 
durable and nondurable goods, higher export elasticity of producer goods 
and unequal elasticities of demand. Our analysis, however, shows two 
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Table 2. Estimates of the upper asymptote (m) of H^  




1700-1845 29 O.3817 .005920 0.3695 0.3938 
1846-1940 19 0.9043 .050121 0.7986 1.0101 
1700-1940 48 0.5500 .227395 0.0916 1.0082 
1346-1330 34 0.6309 .048312 0.5315 0.7803 
1881-1940 55 0.8818 .026441 0.8283 0.9349 
remarkable characteristics of this long-run development, e.g. the 
logistic-type trend in the Hoffmann-ratio and a discrete variation of 
the parameters of the logistic function over different subperiods or 
stages. Since the Hoffmann-ratio is more sensitive to business fluctua­
tions than total industrial output, an interesting line of further 
empirical generalization would be to investigate the application of a 
model where the mixed-logistic trend in Hoffmann-ratio is intermixed 
with cyclical fluctuations and short-run economic changes. 
For a planned economy like India, the logistic trend in Hoffmann-
ratio, resulting from the pattern of planned investment programs, would 
be useful in specifying the speed and structure of industrialization. 
In order to indicate the change in output-mix with growing national in­
come in successive five year plans in India, we have made two alternative 
projections of the Hoffmann-ratio (H^ ) in Table 3, as an illustrative 
application of the model (3.22) presented earlier. The first projection 
shows how the economic structure measured by the Hoffmann-ratio (H^ ) 
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Table 3. Estimates of structure change (Hj.) in India 
Investment 
Plan years Projection II income ratio 
(end period) Projection I (I) (2) (3) (*) 
1961 0.19 0.32 0.23 0.47 10.7 
( .066) (0.12) (0.10) (0.144) 
1966 0.31 0.56 0.52 0.87 13.7 
1971 0.39 0.72 0.40 1.07 16.0 
1976 0.47 0.83 0.48 1.27 17.0 
( .066) (0.12) (0.10) (0.144) 
would change in a logistic trend, except for the initial condition, 
given the allocation ratio for the investment-goods sector ( X- = 0.35) 
and the marginal output-investment ratios = 0.2, = 0.4), as 
assumed in the planning model of Mahalanobis. But since the allocation 
ratios and the productivity parameters are allowed discrete changes over 
time, this by itself would impart a discrete transition from one asymp­
tote to another in the overall course of development. The second 
projection of structural change (H^) in Table 5 is therefore based on 
three possible values of the allocation ratio ( X = 0.40, 0.50 and 
O.cO) and other productivity parameters (p_, = 0.3, 0.2, 0.24 and = 
0.4, 0.4, 0.45). In each of these projections we have given only the 
upper asymptotic value of the ratio H^, the value of the exponent of 
the exponential term being given in parentheses. The proportions of 
national income to be invested over 1961-1976 are taken from the official 
estimates of the Indian Planning Commission. The initial value of the 
Hoffmann-ratio is taken as 0.07, as it obtained at the end of the first 
3o 
plan period (1956) and the change in the ratio has been assumed to be 
equally spaced within a given period. It may be apparent from Table 3 
that the second projection presumes that a gradually increasing order 
of investment allocation for the investment goods sector would be 
followed through. Even then the first two of the second projection 
indicate that the consumption goods would still remain dominant at the 
end of the fifth five year plan period. It is quite plausible that in­
stead of an increasing sequence of investment for the investment goods 
sector, the allocation for the consumption goods sector, after a certain 
stage (e.g. in the self-sustained phase), may be increased in a logistic 
fashion, bearing some relation to the one or more asymptotes of the 
population growth curve. 
A further line of generalization would be to consider a programming 
model where we seek to maximize net national income at the end of a fixed 
planning horizon, subject to a set of constraints specified in terms of 
the overall or sectorial Hoffmann-ratio. Conversely, we may optimize 
structural change itself, the latter being measured in terms of the 
Hoffmann-ratio, subject to certain minimum levels of net income or con­
sumption. The most realistic case would be the framework of a multi­
stage dynamic programming model. 
3l 
THE LOGICAL FRAMEWORK OF A POLICY MODEL 
We have so far discussed the nature of generalizations of the 
Harrod-Damar type of aggregative models, without paying sufficient 
attention to their policy aspects. From this viewpoint, the Mahalanobis 
model (M-model) of development planning can be regarded as a policy-
oriented generalization of the aggregative growth models of the Harrod-
Dbmar type. Prima facie, these two types of models have many dissimilar 
features, e.g. investment decisions made by a central planning authority 
rather than the market, emphasis on bottlenecks on the supply side 
rather than demand and the specification of certain predetermined 
targets rather than equilibrium conditions. Nevertheless, they have 
basic similarity in their specification of the pattern of income growth 
over time. As a matter of fact, it could be argued that the Harrod-
Dcraax model is appropriate in specifying the optimal amount of invest­
ment required for achieving a particular proportional rate of growth of 
total income. This optimal investment volume is constrained by the 
actual saving propensity of the economy. Once this optimal volume of 
investment is determined, the M-model seeks to specify the optimal 
proportions to be allocated to the two integrated sectors producing 
consumer goods and investment goods, respectively. Because of this 
fundamental interrelation of the two types of models, it is interesting 
to specify in the M-model the trend in some of the crucial variables 
like the investment-income ratio, the proportional rate of growth of 
consumption and even the marginal capital-output ratio. We can also 
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generalize the M-model in several new directions that have so far been 
neglected, e.g. relaxing the assumption of complementarity in the pro­
duction functions, introduction of a flexible investment-income ratio 
and extension of optimization considerations other than income 
maximization. 
Structure of the Harrod-Damar and Mahalanobis Models 
Consider the M-model in differential equation form given in equa­
tion (3.21) before. Remembering that consumption (C^ ) and investment 
(l^ ) are given by 
\ P t 
ct = V x= p= To<e -u/Vi 
it = e 
rt " ct + :t 
where C and I are initial values of C, and I, at period t = 0, we may 00 t t 
easily derive the proportional rate of growth of consumption, income 
and investment on the basis of the income identity. 
c c o 
-1 
VYT - XI 1 + Xi ei Co xc 
- '\. 3. 
\ Pi+ >c pc 
1 n 
V1* - \ fj. 
It is apparent that the proportional rates of growth of consumption and 
33 
income follow a strict logistic time-path, converging to the value 
XPwhich represents the proportional rate of growth of investment. 
Now consider the time trend of the investment income ratio 
which underlies the concept of multiplier (k) in the Domar model. 
1a = ¥i/< V= + XA' 
From this, the investment multiplier (k^ ) in the M-model can be derived 
as, 
kt " VZt " ^ iPi + *cPc^  \^ i as t -> oO 
Denoting K as the capital stock and its time-rate of change by K^ , we 
may calculate the marginal and average capital-output ratio as, 
, ( K _  ^. (3. t KA = [( Yi>" + {R -( VIR ]e 11 
KA -> < Vi * Vc> 
-i is t oO 
In Domar's notation given in (2.2) before, the accelerator or the re­
ciprocal of the capital-output ratio is denoted by (f and the multiplier 
or the reciprocal of the marginal propensity to save (invest) is denoted 
by (l/a). Equating these terms in the M-model we get, 
(T = ( 
a = X P<: + V±) 
-1 
as t —ï oO 
as t —> oO 
In the limiting case, we get the final income equation in the M-model as, 
This establishes the fundamental similarity in the two types of models. 
This leads us to a point which Dcmar has emphasized very strongly 
but Mahalanobis completely neglected. This relates to the annual losses 
of income when either investment is growing at a rate not sufficient to 
permit full capacity utilization, or there occurs some misdirection of 
investment making for the actual output-capital ratio less than the max­
imum possible. Recently Frisch (1961) has emphasized that such income 
losses may be considerable and even cumulative in a mature capitalistic 
economy. Such losses cannot, however, be ruled out in case of the Mi-
model, particularly when private investment is not controlled and the 
decision-making process is not sufficiently decentralized in an under­
developed country like India. 
Suppose that total investment (l^ ) in the M-model grows at a rate r 
which is less than the equilibrium (or the target) rate then the 
annual rate of loss, measured in terms of consumption (Cx) rather than 
income (Y), as a better indicator of social welfare would be specified by, 
Lta (Yt/Yt) = X.S. , ( >c@c + >A)( XfV( Vc + > = atr 
, „ W .rtn 
where = supply of consumption goods under fractional utilization 
of capacity 
Ct = supply of consumption goods under full capacity utilization. 
Taking the values of the M-model, e«.g. \ = 0.3, P^  = 0.2, it is easily 
, ( xi3i-r)t 
verified that for r = k<p} e exceeds j_P-j/r w^ en t > 6 and 
hence the terms under parentheses in equation (5.l) are all positive-
The total loss of consumption that is caused between period 0 and t by 
keeping the investment expansion rate equal to r instead of the full 
capacity utilization rate ( is obtained by integrating (5.1). 
This gives 
t \e,t n 
(Ct - cyat - I0 Xcp 
11 r J 
The total loss of income (Y) between 0 and t would be given t oy 
T 
5 C f ( 
XiPlt n rt \(cT- c-)«+ I0 ;!) -2-^  
1 1 
This magnitude would be more significant when the integrated investment 
goods sector is further divided into subsectors and the intra-allocation 
problem is considered. So long as the volume of savings obtained 
domestically or otherwise provides an upper bound for the planned total 
investment, this possibility of income losses must have to be explicitly 
incorporated in the planning model and the appropriate policy measures 
devised. 
Next consider the Hoffmann-ratio H, . In the Domar model, it is t ' 
a constant determined by the initial output-mix. In the M-model, it 
varies over time in a logistic curve, which can be alternatively repre­
sented as, 
(5.2) H, = Vi 
t 
1 + (e - 1) 
-1 
Since the Hoffmann-ratio is intended to be a measure of the stage of 
development (and beyond historical description Hoffmann himself had not 
given any quantitative precision to the concept), it may be more ap­
propriate to define the ratic as an average relationship 
ht = I^ dt/ \ C^ dt 




-1  -  \F3JT 
Vi I" 1^ 1 + (e - 1) jast-^ oo 
A comparison of the two equations (5.2) and (5ô) shows that irrespectiv 
of the way it is defined, the Hoffmann-ratio converges to the upper 
asymptote X^ / X 8 as t becomes large. 
Extensions of the Mahalanobis Model 
One of the rigid aspects of the M-model underlies in its objective 
function involving maximization of total output for a fixed planning 
horizon. Prom the standpoint of economic welfare, a more realistic 
criterion in a less developed economy is the maximization of total con­
sumption rather than total output. Such a criterion is adopted by Sandee 
(i960) in his programming model for India. The application of this 
criterion to the M-model gives an interesting result. Remembering that 
consumption (C^ ) in period t is defined in the M-model as, 
ct = co + Io x=p=<= 
act 
where  ^ = 1, we get on equating ^  ^ = 0 the optimal condition 
"X = (l - e )^/q where q = XÉLt 
which fulfills the second order condition for a regular maximum. On 
reverting the series with a value of f3. = 0.2, we get 
t = 5 2 + 1.3 X + 1.5 
Given different values of the planning period t, we can determine from 
this equation an optimal allocation ratio (X^ ) that will maximize 
consumption for a fixed planning horizon, e.g. 
t = 10 11.5 12.5 13.0 -> 21.5 
X = 0 0.2 0.3 0.5 1 
This gives a result much different from that of the M-model. The latter 
model specifies an optimal value V = 0.3 on the basis of a 15-year 
planning horizon. From our calculation, it appears that such a value 
of X = 0.3 would maximize consumption earlier at t = 12.5. The dif­
ference in the result is mainly due to the special assumption made by 
the M-model, e.g. the increase of consumption goods output is determined 
by a prior increase in investment goods but not vice versa. 
This leads to the second rigid aspect of the M-model, e.g. the 
assumption that increase of investment is determined by investment one 
period before. This mechanistic interpretation of the growth of in­
vestment is not very realistic for an economy where private investment 
plays a role as much important as the public sector investment. The 
formal consequence of this interpretation is that the allocation ratios 
( X , X ) and output-capital ratios (g\, P^ ) are rigidly fixed, so 
that there is no possibility of reinvestment except in the investment-
goods sector. In order to derive a more flexible model, much in the 
Mahalanobis fashion, we consider in a difference equation form the 
following investment function: 
where b is a reaction coefficient specifying the amount of additional 
investment per unit of income in period (t-l), ^  is a shift factor 
which may alter the values of coefficient b from one period to the 
next. Taking t = 1, 2, ..., n, we may define an average annual index 
of growth fx) 
(5.4) It " It-1 + bYt-l 
1 1 
Y n n 
n ) = <VYo> Y h-1 
and also the investment-output 
vt = \/\ for t = 1, 2 
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Summing over t in equation (5.4) and assuming an equal average rate of 
growth, x, we may derive 
Hence 
\ - Jo = Vo(xI1 - !)/(% - D-
" " TT2 - T F1 + - Vvjb - 1)] X 
'o ~0 0 I» 
or, 
( 5 . 5 )  vQxn+1 - vQxn(l + h|ibvn) - vnx + vn(l + hubvo) = 0 
Tnis equation has several remarkable features that are altogether absent 
in the M-model. Consider first of all x as the target variable, then 
we can solve for the unknown value of the instrument variable (v ) which 
will realize the target for a given initial Vq 
(5.6) vfi = vo(xn+1 - xn)/ £(x - l) + vQbMb(xn - l) j 
It is not possible to derive in explicit form a unique value of v^  which 
will maximize x subject to a fixed (I - Iq), because (5.5) involves a 
complicated relationship which is difficult to solve explicitly. It is 
easy to check, however, from (5-6) that v has a converging tendency 
as n becomes large. By repeated application of L'Hospital's theorem 
on limits we may derive from (5.6) the result 
n+1loge(n + l) - xnloge(n)J /(vQbnbxniogen) (5.7) Dim vn = vc 
n-v«o 
x 
= [ x ( 1  -  rrs '  -  y  • VVb ° ( x  -  1 V"Mb 
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Denoting lim v by v, we derive the relation 
n-}uO n 
(5.3) x = 1 + vb^  
This relation can also be derived from (5*5) by assuming that I and 
Y^  change exponential 1 y over time, but v^  keeps constant and remains 
equal to v. The relation (5.3) specifies the important result that in 
the long run the average annual output rate would depend on the final 
state output-investment ratio and the reaction coefficient. Depending 
on the discrete variation of the shift-factor the actual growth 
rate will have a step-wise convergence determined by (5.3). For a 
maximum value of x, we should choose that value of v which would make 
' n 
the product (v^ b^ ) as high as possible. In economic terms this requires 
that the marginal propensity to save and investment which underlie the 
coefficient b must have to be favorably affected by a public investment 
program and an estimate made of the ways by which the average output-
investment ratio could be improved. Since v^  could be visualized as a 
weighted average relation between sectorial v, e.g. v = L l.v where 
1. are sectoral weights such that S 1. = 1 and v. are the final state 
J -] J 
output investment ratio for the jth sector, the principle of optimal 
sectorial allocation of investment that suggests itself is to maximize 
the weighted average output-investment ratio (Z l.v.) in a successive 
scheme of long-term planning model, subject to a minimum level of con­
sumption in each short-term period. This is closely similar to the 
idea suggested by Lange (i960). 
It is easy to check the nature of our generalization with the 
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equations of the M-model. In respect to our equation (5.4), the M-model 
assumes l-k = 1 and replaces the term bY, by X. £3.1, ... As a result 
D t-1 1 1 t-1 
we get much simpler results 
1 
x = (vnA0)n (1 + X13i) (1 + Xi3i) as n >oO 
v x11  ^ v (l -1- nh) v h 
 ^(1 + \P,)" ^ " Vi ^  
where x = 1 + h with 0 h <1. Our result is much more general in that 
it explicitly introduces the possibility of reinvestment out of an 
increase in total income rather than investment goods. Moreover, the 
shift-factor |x indicates that the time-rate of shift in the coefficient 
b has to be estimated from the observed trend instead of being assumed 
fixed. 
We may also derive in our generalized model an income equation (Y ) 
for the period n by assuming a consumption equation of the form 
ct " ct-i+ m|Vt-i ^ 
where m is a reaction coefficient affected discretely over time by the 
shift factor = 1. Summing over t and using the equation for (i^  - Iq) 
5IVCH UC-L UJ. C HC ° 
C - C = mfi 
n o m  S - - - «v (x > 1) 
'•) 
Hence 
Y - Y = C - C + I - I where Y = I + C . 
n o n o n o  0 0 0  
02 
The third rigid aspect of the M-model which we may consider is the 
assumption of complementarity in production functions along with constant 
returns to scale. In discussing the increase in volume of employment 
resulting from an investment I^  for a fixed planning horizon t, the 
M-model uses a fixed coefficient of marginal labor-capital ratio 
(Gr, 9^ ) for each sector that is assumed to be independent of the marginal 
output-capital ratios (pL. 6 ). For a short period of three to five 
years, this may have some validity, but the planning horizon in the 
M-model is assumed to be longer, e.g. t = 15. Further, in the actual 
empirical application, the M-model found the value of marginal output-
capital ratio in the consumption goods sector to be nearly double that 
in the investment goods sector. Since the model assumes equal weights 
(or shadow prices) for consumption and investment goods, it readily 
follows from the theorems of static Pareto-type optimal!ty that for a 
fixed t and hence a fixed volume of investible resource, as in a short-
run five year plan, that allocation of investment will be optimal which 
equalizes the marginal productivity ratios in the two sectors. To re­
formulate this important aspect useful in short-period plans and alto­
gether neglected by the M-model, we use a new set of notations with 
the following relations that show diminishing returns. 
\ = pi ¥ -1 ai< Y)2 + fi * v fi t p=> 
Here I stands for total allocable investment (per capita) fixed for a 
given planning horizon t, Y^  and Yc for per capita output of investment 
goods and consumption goods, respectively, X and X are allocation 
proportions such that X. + X =1 and (3., 3 , a., a , f. and f are i c 1 c 1 c 1 c 
estimated constants, the respective subscripts being used for the two 
sectors producing investment goods and consumption goods, respectively. 
Denoting marginal productivity per unit of investment by m, we may 
easily derive the optimal values of the allocation proportions from 
the following matrix equation 
-1 
- ml 
I " 1 ai 
0~ 
" v 
(5.10) ¥ = 1 a c 0 s= 
\ Ï 
-
0 1 1 Î 
Since a^  is unequal to a^  by assumption, the coefficient matrix is non-
singular and hence its inverse is uniquely defined. The solution of 










1 1_ 0 
A A 
_1 _ 1_ 
(Vai) 
4 A A 
where A = (a^ a.^ ). The system of equations given by (5.9) has, however, 
two limitations, e.g. the static form and the neglect of labor as a 
factor of production except implicitly. Remembering that in the notation 
of the M-model, Y. aud Y are denoted by I, and C, and the autonomous 
' 1 c t t 
components f^  and f replaced by predetermined variables C^ _^ , 
respectively, we may rewrite the dynamic analogue of (5.9) as 
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It + 9i \*t-l " 2 ai ^ i It-1 
(5.11) Ct = Ct-1 + 6C - i ac S 4. 
Yt = Tt + Ct 
The two-sector M-model given "by (5.21) may be regarded as a linear 
approximation of the nonlinear system (5.11). For simplicity, we may 
approximate the first differences (I, - I, ,), (C, - C, , ) by time-
u u"X "C u-J. 
differentials I^ , and specify the solutions approximately as, 
1^  = m I 1 + (^ - - l)e 
- ^ .3.t -1 
where m = 2f3./a. X. 
r 1 1 
C, = C + t( ) P m - ^  a \2 m2) (for a large t) 
t o c c 2 c c 
Y ,  =  C  +  m  +  t ( \ 3 m - ^ a  X 2  m )  ( f o r  a  l a r g e  t )  
t O C C c c 
In the limiting case, the value of "X that will maximize the consump­
tion level between period 0 and t, e.g. (C^  - Cq) is given by, 
(5.12) X = a.3 /(a.3 + 2a 3.) (for a large t) 0 1 C X C 0 1 
under the condition that \ c + X = 1. For a short period of three to 
five years, a may be very small, so that the optimal X^  given in 
(5.12) may be large, e.g. nearly equal to one. With t becoming larger, 
the proportional investment allocation ( X^ ) to the consumption goods 
sector would become less and less. This result differs in implications 
from that following from the M-model considered before. 
The question of complementarity in production functions is more 
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difficult to tackle. In certain simplified cases this unrealistic 
assumption can "be relaxed without complicating the result. Consider 
the two-scctor M-model ($.2l) again "but in a difference equation form 
and denote the volume of employment generated by additional investment 
by and the marginal labor-capital ratio by 9 for the two sectors 
(9^ , 9^ ), where 9's are independent of the marginal output-capital 
ratio P's for the two sectors. Denoting initial values by subscript 0, 
the time-paths of Investment (i^ ) and employment (l^ ) are given by 
(5.13) I t=I0U+ V/ 
(5.1k) L t  = Lo , io( Xc6c • X.e.) | (1 + X.p/ - 11 i Xs. 
Now we introduce linear homogenous production functions for the two 
sectors which permit substitutions between capital stock (K) and labor 
in the two sectors 
1 - 3.K. 4 e1Li 
C = p K + S L 
c c c c 
where I and C denote net outputs of investment-goods and consumption-
goods sectors and the assumption is made that the parameters of the 
production functions (9 and (3) remain constant for all values of K and 
L over time. Recalling that the time-rate of change of capital stock 
equals investment (K = die/dt = I), we derive 
When the incremental labor-capital ratios (q_^ , q^ ) are constant inde­
pendent of the level of input applications, the equations (5.13) and 
(5•l4) would be modified as 
v 1 » ! 1 *  V p i  -  ° i % > 5  
W +  x a ' |  <  Y +  V A ' *  -
In cases of more general production functions, the incremental labor-
capital ratios themselves would depend on the level of input applica­
tions, e.g. in a quadratic production function with interaction between 
two inputs, the isocline equation in general does not pass through the 
origin. In terms of economic policy, this would mean that an optimal 
"X cannot be determined in the setup of this generalized model unless 
a choice is made of the optimal technique in each sector, the technique 
being measured by the capital-labor ratio. 
It is possible to put together all the separate generalizations 
we have worked out in the framework of the M-model. By assuming a given 
proportional rate of growth of total allocable investment, the author 
in cooperation with Tintner (l$6ld) has formulated a generalized model 
in this framework consisting of a lagged consumption function, a linear 
homogenous production function permitting substitution and an output-
balance equation in terms of investment allocation matrix, these functions 
being defined for each of a few integrated sectors. Here the basis of 
sectoring is assumed to be such that each sector's output could be 
divided into consumption goods and investment goods« The model then 
specifies the optimal combinations of investment allocation ratios 
(i.e. instrument variables) over time required to reach a given set of 
sectoral outputs and employment (target variables). Since the few 
sectors are highly aggregated in this generalized model, much like the 
M-model, the former would not require much of input-output type of 
accounting. In cases of subsectoring of the few integrated sectors, 
use could be made of a detailed input-output table to specify the 
optimal allocation ratios for the subsectors. It is worth pointing out 
that investment allocation ratios defined in this framework are all 
comparable and hence their relative efficiency in reaching the targets 
can easily be tested. 
SUMMARY 
We have been concerned with the theoretical generalizations of 
the Harrod-Domar type growth models. In particular we have shorn the 
logical and analytical steps involved in four types of generalizations 
regarding the long-term trend, the change in output-mix, the inter-
sectoral and stochastic aspects. Regarding the trend we have shown 
that the Harrod-Domar model lacks a stability in the sense of con­
vergence that was strongly emphasized by Haavelmo. We have analyzed 
the conditions required for the final income solution in the Harrod-
Domar model to follow a mixed logistic trend. These conditions are 
specified alternatively in terms of the specific shapes of the consump­
tion function, the investment demand function, the production function 
and the discrete variability of the coefficients in the model. Since 
Haavelmo is the first to emphasize on a logistic trend, this part of 
our generalization can be aptly considered as a synthesis of the 
approaches of Haavelmo, Harrod and Domar. 
The investment-consumption ratio in the Harrod-Domar model is 
assumed to be a constant independent of time. We have shown the un­
realistic implication of this assumption, e.g. the inapplicability of 
such a growth model to the conditions of an underdeveloped economy, 
where development is associated with a change in output-mix. In this 
•part of our generalization we have considered a variable investment-
consumption ratio over time. Defining the investment-consumption ratio 
as the Hoffmann-ratio, since Hoffmann used such a ratio to specify the 
stages of growth of a large number of industrial economies, we have 
shown that this ratio follows a mixed logistic trend over time. The 
implication of this trend for the two-sector Mahalanobis model of 
development planning has been investigated and it has been pointed out 
that the transition from one balanced phase to another could be usefully 
specified for policy purposes, as in the Oslo submodel of Frisch and 
others. 
We have also investigated the conditions under which an open-
dynamic Leontief-model would have stability in the sense of Haavelmo. 
Apart from specifying the intersectoral generalisations of our mixed 
logistic trend, we have shown certain simple methods of combining a 
macro-model of the Harrod-Domar type with the detailed accounting of 
the input-output framework. 
The stochastic aspects which are completely neglected in the Harrod-
Domar model are analyzed from three alternative standpoints, e.g. the 
stochastic assumptions are made either with respect to the residual 
shock-terms in the behavior equations, the coefficients in the growth 
model or the time-behavior of national income itself. In respect to 
the Mahalanobis model of development planning, we have shown how the 
stochastic distribution of the output-capital ratio for the two sectors 
producing consumption and investment goods may be useful from the view­
point of quantitative economic policy. 
To illustrate the empirical plausibility of our suggested general­
izations regarding the trend and the course of change in output-mix, 
we have considered some statistical specifications by means of auto-
regressive equations and global models of the Keynesian type on the 
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basis of long-run United Kingdom and United States data. For instance, 
the estimates of the mixed-logistic equation fitted to yearly data on 
United States real national income per capita show that the upper 
asymptote of the income curve is changing from 43*1.59 during luc^ -loQO, 
to 567«09 during 1391-1911 and from 622.67 during 1912-1932 to 1298.70 
during 1933-1953• For the long-run British data (I700-I9U0) constructed 
by Hoffmann, the logistic equation was fitted to the sum total of the 
indices of net output of consumer goods and producer goods' industries. 
The upper asymptote in this case comes to about 572.96, whereas the 
highest observed value for the entire period (1700-1940) is about 219•00 
in 1940. The estimates by a global model are also specified for Canada, 
Netherlands, India, United States and United Kingdom on the basis of more 
recent data. 
Our estimates of the mixed-logistic trend for the Hoffmann-ratio 
on the basis of long run British data (1700-1940) are quite satisfactory 
in general from the standpoint of goodness of fit. These estimates show 
that the upper asymptote of the curve of output-mix is changing in course 
of British economic development from 0.382 during 1700-134$ to 0.631 
during l846-l830 and to 0.332 during l33l-1940. The annual average 
rate of growth in the Hoffmann-ratio has declined from the first (1700-
1-345 ) to the last period (l88l-194o) as is theoretically expected. 
We have also analyzed the policy aspects of the Harrod-Domar type 
of models, particularly emphasizing the problem of optimal allocation 
of investment between sectors in a given planning horizon. By specify­
ing the multiplier, accelerator and the Hoffmann-ratio in the Mahalanobis 
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model, we have shown how the Harrod-Domar model can be regarded in many 
ways as the limiting form (as t-^ oO ) of the Mahalanobis model. We 
have finally indicated some further lines of extension of the Mahalanobis 
model particularly regarding the complementarity hypothesis, the static 
maximization principles, the interrelationship of the annual growth 
rate and the final year magnitudes of the output-investment ratio and 
the nonlinear production functions for the two sectors. Such generaliza­
tions may prove useful in specifying the interrelationship between short-
and long-term plans in a less developed economy like India. 
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Table 4. Indices of consumption goods (Cj_), investment goods (ij), 
total output(y^ ) and Hoffmann-ratio (H+) for United Kingdom 
(base year 1913) Source : Hoffmann (1955) 
Year Cl T1 Yt Ht 
1T00 3.73 0.73 2.46 0.422 
1705 2.11 0.72 2.33 0.341 
1710 1.57 0.30 2.37 0.509 
1715 2.30 0.79 3.09 0.343 
1720 2.50 0.39 3.39 0.356 
1725 2.55 0.99 3.54 0.333 
1730 2.43 0.96 3.39 0.395 
1735 2.61 1.03 3.64 0.395 
1740 2.08 1.13 3.21 0.545 
1745 2.65 1.00 3.64 0.330 
1750 3.15 1.14 4.29 O.36I 
1755 3.20 1.22 4.42 0.531 
1760 2.U 1.27 4.07 0.455 
17:5 3.00 1.46 4.46 0.437 
1770 3.52 1.58 5.10 0.448 
1775 3.51 1.66 5.17 0.475 
1730 3.67 1.62 5.29 0.441 
17o5 5.03 1.90 6.93 0.574 
1790 6.54 1.97 S.51 O.501 
1795 6.32 2.40 3.72 0.380 
1800 0.87 2.93 11.80 0.530 
1G05 9.^ 5 3.16 12.61 O.394 
1G10 10.39 3.59 13.93 0.345 
1815 11.50 3.92 15.42 0.341 
1820 12.37 4.17 17.04 0.524 
1825 16.65 5.92 22.57 0.356 
1830 19.90 6.50 2f.40 0.326 
1035 22.20 3.30 30.50 0.374 
1840 25.60 11.30 36.90 0.441 
1845 32.30 12.70 45.00 0.395 
1846 31.00 13.50 44.50 0.435 
1847 27.70 15.20 42.90 0.549 
1548 30.90 16.50 47.20 0.52( 
1849 32.30 15.60 47.90 0.433 
1850 31.70 16.10 4y.8o 0.503 
1851 33.30 In.60 49.90 0.493 
1852 35.10 17.30 52.90 0.507 
1353 33.50 I9.OO 57.50 0.493 
1854 37.70 20.40 58.10 0.541 
1855 36,40 20.40 56.80 0.560 
1856 39.40 22.90 62.30 0.581 
1857 42.50 22.70 65.20 0.534 
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Table 4 (continued) 
Year C1 Jl Yt Ht 
1902 81.8 71.7 15).5 O.876 
1903 80.9 74.1 155.0 0.916 
1904 79.6 74.6 154.2 0.9)7 
1905 84.4 74.9 159.) 0.887 
1906 86.1 80.4 166.5 0.9)4 
1907 89.9 84.5 174.4 0.940 
1908 88.8 84.6 17).4 0.95) 
1909 88.1 77.5 165.6 0.880 
1910 89.0 80.2 169.2 0.901 
1911 92.8 84.7 177.5 0.9I) 
1912 98.2 37.4 185.6 0.890 
1915 100.0 86.0 186.0 0.860 
1914 96.7 100.0 196.7 1.034 
1915 102.2 90.7 192.9 0.887 
1916 91.) 87. c 178.9 0.959 
1917 82.6 87.9 170.5 1.064 
1918 76.1 87.9 164.0 1.155 
1919 95.6 85.6 181.2 0.895 
1920 94.8 82.0 176.8 0.865 
1921 61.9 87.4 149.) 1.412 
1922 84.) 52.2 1)6.5 0.619 
192) 80.) 71.6 151.9 0.892 
1924 87.1 88.5 175.6 1.016 
1925 90.0 94.2 184.2 1.047 
1926 91.6 88.9 180.5 O.97O 
1927 96.4 60.9 157.3 0.6)2 
1928 98.7 10).8 202.5 1.052 
1929 101.5 98.) 199.8 O.968 
1930 98.5 109.7 208.2 1,114 
19)1 97.2 100.1 197.) 1.030 
19)2 101.) 84.6 185.9 0.835 
19)) 10).6 81.7 185.) 0.789 
19)4 110.8 91.) 202.1 0.824 
19)5 111.9 109.4 221.3 0.978 
















Consumption (C^ ), total domestic investment (i^ ) and national income (Y^ ) for Netherlands 
and United Kingdom Source : Organization for European Economic Cooperation (1955) 
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10.59 5.27 15.10 79 
II.58 5-57 17.08 83 
12.79 6.18 18.95 89 
13.87 7.04 21.69 99 
13.97 7.36 22.73 102 
14.65 8.46 24.24 100 
16.26 9.56 27.04 104 
17.74 11.12 30.32 108 
19.63 12.99 32.72 112 
20.60 14.22 35.40 119 
21.16 13.45 36.45 120 
22.06 14.17 38.80 121 




































































Table 6. Consumption (C^ ), total gross domestic investment (i-j.) and 
net national income (Y^ ) for the United States and Canada 
Source : Klein (l96la), Hood and Scott (1957) 
cL "b United States Canada 
Year Yt 
* 
Jt Year V?t Yt 
* 
Tt 
(*) (billion $ of 1929) (2) (billion $ of 1949) 
1929 80.4 90.3 24.9 1926 70.5 7.67 2.04 
19)0 84.3 80.5 20.2 I927 69.5 8.)2 2.34 
1931 82.9 73.5 15.9 1928 69.3 8.92 2,66 
1932 79.9 60.3 10.0 1929 71.4 8.78 2.97 
19)3 77.6 58.2 9.5 1930 76.0 8.57 2.87 
19)4 75.7 64.4 12.0 1931 79.0 7.34 2.)0 
1935 74.1 75.4 16.3 1952 81.8 6.85 1.67 
1936 75.8 85.0 21.4 1933 80.9 6.21 1.34 
1937 74.2 92.7 25.5 1934 75.2 7.03 1.53 
1938 71.4 85.4 18.6 1935 73.7 7.62 1.71 
1939 65.1 92.3 27.6 1936 71.7 f.92 1.87 
1940 56.4 101.2 51.2 1937 70.3 8.73 2.22 
1941 52.2 113.3 68.4 1938 73.0 8.85 2.24 
1942 52.0 107.3 55.9 1939 68.5 9.64 2.29 
1943 57.0 105.2 43.9 1940 63.5 11.04 3.18 
1944 70.1 107.1 19.5 1941 59.0 12.56 4.19 
1945 71.0 108.8 13.7 1942 51.8 15.18 6.58 
1946 69.0 131.4 35.7 1943 51.1 15.57 6.85 
1947 70.2 130.9 39.0 1944 51.5 15.96 7.64 
1948 68.1 134.7 41.4 1945 57.1 15.41 5.90 
1949 63.5 129.1 40.9 1946 66.2 15.14 4.25 
1950 63.1 147.8 59.6 1947 66.3 15.32 4.38 
1951 63.1 152.1 61.9 1948 64.7 15.83 4.74 
1952 66.8 154.3 54.2 1949 66.6 16.28 5.09 
3953 67.0 159.9 52.0 1950 66.1 If.33 5.26 
1951 62.0 18. )4 5.96 
1952 61.5 19.59 6.94 
1953 61.7 20.33 7.29 
1954 65.3 19.84 7.03 
1955 63.2 21.57 7.52 
aThe ratio C^ /Y^  for the United States is taken from Hood and 
Scott (1957) P= 40 and Yt from Klein ( 1961a). 
D^ata are from Hood and Scott (1957) p. 506. 
I^ncluding residential construction, inventory and government 
expenditure. 
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Table 7- Private consumption-income ratio (C^ /Y^ ) and national product 
(Y-fc) for India at 1938 prices Source : Narasimham (1956) 
Year -P 
O
 Yt s 
=tb 
(*) (billion rupees) (current prices 
1919 93.04 23.3 1.82 1.94 
1920 92.12 22.8 2.32 2.18 
1921 91.53 23.1 2.39 2.10 
1922 92.27 24.1 2.17 1.99 
192) 92.02 24.0 2.12 1.88 
1924 92.06 24.0 2.25 1.83 
1925 91.82 24.3 2.16 1.93 
1926 92.13 24.6 2.10 2.01 
1927 91.82 25.1 2.16 2.03 
1928 91.69 24.7 2.19 2.04 
1929 91.84 25.9 2.17 2.08 
1930 92.20 26.3 1.81 1.97 
1931 92.25 27.0 1.49 1.72 
1932 93.59 2 7 . 3  1.23 1.60 
1933 93.08 27.1 1.20 1.55 
1934 92.49 27.7 1.35 1.53 
1935 92.72 28.1 1.43 1.62 
1936 92.80 28.3 l.4o 1.63 
1937 91.99 28.9 1.83 1.62 
1938 91.34 28.4 1.85 1.68 
1939 90.58 27.9 1.98 1.71 
1940 89.29 29.8 2.42 1.99 
1941 87.21 30.2 3.07 2.35 
1942 85.00 30.5 3.33 4.24 
1943 87.86 32.2 3.77 6.71 
1944 87.59 32.9 4.15 7.55 
1945 88.75 32.2 4.22 7.26 
1946 91.54 29.9 2.87 6.38 
1947 94.15 28.2 2.70 4.67 
1948 94.30 29.2 3.U 5.52 
1949 93.61 29.8 3.38 6.90 
1950 92.57 29.4 3.78 7.43 
1951 92.81 30.2 4.43 7.86 
1952 92.36 32.2 4.57 8.18 
aGross private investment in billion rupees. 
T^otal government expenditure in billion rupees. 
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Table 8. Error sum of squares (s ), coefficient of determination (r ) 
and other characteristics of the linear estimating equations 
of the form = a + b 
Variables 





United Kingdom 1700-1845 29 Qt S> •1 0.1307 0.094 1.72 
United Kingdom 1846-1880 34 Qt V =1 0.0143 0.792 11.04 
United Kingdom 1881-1940 55 °-t Qt-•1 0.0238 0.005 0.50 
United Kingdom 1846-1940 19 
•1 0.0139 O.852 9.92 
United Kingdom 1700-1940 48 %t V •1 0.1267 0.778 12.73 
United Kingdom 1948-1959 12 <VYt Yt 0.0001 0.736 6.06 
United Kingdom 1948-1959 12 IT Ct 3.6518 O.986 26.09 
Netherlands 1948-1959 12 Yt 0.0004 0.827 6.91 
Netherlands 1948-1959 12 Tt Ct 0.2248 O.983 23.88 
United States 1929-1953 25 CA Yt 0.0074 O.986 1.59 
United States 1929-1953 25 Tt Ct 159.56 0.535 5.14 
Canada 1926-1955 30 CA Yt 0.0049 0.274 3.23 
Canada 1926-1955 30 Tt Ct 146.02 O.69O 7.89 
India 1919-1952 34 VYT Yt 4.06 O.187 2.05 
United States 1869-1890 21 Mt Mt--1 10 (5.63) 0.908 13.70 
United States 1891-1911 20 Mt Mt-•1 10^ (1.78) 0.825 8.91 
United States 1912-1932 20 Mt Mt--1 10~^ (1.79) 0.529 4.52 
United States 1933-1953 20 Mt Mt-•1 10"
8(5.90) 0.941 5.51 
United Kingdom 1700-1940 48 Ht Ht-•1 0.0053 0.908 21.34 
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Table 9- National income per capita (Y ), United States 
Source : Menesis (1959) 
Year Yt Year Yt 
Year Yt 
1869 210.7 I898 430.3 1927 752.3 
1870 204.9 I899 463.1 1928 752.2 
1871 202.) 1900 468.2 1929 792.2 
1872 254.O 1901 513.6 1930 122.0 
187) 257.0 1902 508.2 1931 631.3 
1874 253.5 1903 522.8 1932 515.7 
1875 253.1 1904 505.6 1933 504.2 
1876 267.9 1905 531.6 1934 540.2 
1877 284.8 1906 585.2 1935 590.2 
1878 298.2 1907 581.3 1936 642.9 
1879 325.7 1908 515.0 1937 703.8 
I88O 366.3 1909 574.7 1938 655.5 
1881 362.4 1910 571.7 1939 702.6 
1882 377.7 1911 572.4 1940 754.7 
188) 370.2 1912 591.9 1941 839.7 
1884 374.6 1913 608.6 1942 806.3 
1885 370.1 1914 546.7 1943 791.0 
1886 383.2 1915 553.6 1944 812.4 
1887 386.4 1916 630.1 1945 824.4 
1888 370.8 1917 602.7 1946 952.3 
1889 377.1 1918 582.8 1947 950.0 
1890 397.6 1919 633.2 1948 973.0 
1891 406.4 1920 630.0 1949 935.2 
1892 437.4 1921 592.5 1950 1048.5 
189) 402.6 1922 627.6 1951 1074.4 
1894 382.8 1923 702.5 1952 1078.7 
1895 423.2 1924 706.5 1953 1099.6 
1896 404.8 1925 719.6 
1897 434.2 1926 756.0 
